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Re´sume´
Cette the`se s’inte´resse a` des techniques non line´aires de reconstruction d’images,
applique´es au proble`me de la super-re´solution en microscopie, qui vise a` de´passer la li-
mite de re´solution de Abbe en combinant des techniques de mesure et de traitement
d’images. Nous conside´rons un syste`me a` fluorescence avec une me´thode d’Image
Scanning Microscopy (ISM), produisant des micro-images obtenues en scannant un
e´chantillon biologique et en y projetant une distribution lumineuse. La forme de
cette distribution peut eˆtre assez singulie`re lorsqu’elle est cre´e´e par un modelage
de faisceau laser, rendu possible graˆce a` un phe´nome`ne optique appele´ diffraction
conique. Un cadre mathe´matique s’appuyant sur la transforme´e de Fourier a` quatre
dimensions est propose´, permettant de comparer the´oriquement les me´thodes ISM,
en quantifiant leur impact en terme de re´solution. Nous conside´rons e´galement la
mode´lisation mathe´matique exacte de ces me´thodes et en particulier les questions de
discre´tisation, permettant ensuite de simuler un syste`me ISM. Cette mode´lisation est
indispensable lorsque l’on cherche a` re´soudre le proble`me inverse induit par la super-
re´solution. Nous abordons sa re´solution avec des contraintes tre`s faibles, a` savoir
uniquement la positivite´ de l’image recherche´e. Nous mettons en e´vidence un arte-
fact, appele´ night sky, produit par l’estimateur du Maximum A Posteriori (MAP).
Nous montrons ne´anmoins que cet artefact peut eˆtre e´vite´ en imposant a` l’image
super-re´solue d’eˆtre a` bande limite´e, contrainte convexe qui peut eˆtre ajoute´e a` la
positivite´ moyennant un algorithme de projection adapte´. Nous introduisons ensuite
un nouvel estimateur, le E-LSE, pour Emitters-Least-Square Error, qui minimise
l’erreur quadratique moyenne a posteriori et qui est adapte´ aux images parcimo-
nieuses, une caracte´ristique souvent satisfaite par les images biologiques obtenues en
microscopie a` fluorescence. Nous montrons qu’en de´pit de la dimension e´leve´e et du
caracte`re non convexe de la contrainte de parcimonie, cet estimateur E-LSE peut-
eˆtre e´value´ nume´riquement par un algorithme de type MCMC (Markov chain Monte
Carlo). L’estimateur E-LSE permet de limiter certains artefacts spe´cifiques du MAP
et, sur plusieurs exemples, produit une image mieux re´solue.
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Abstract
This thesis focuses on non-linear image reconstruction methods applied to super-
resolution in microscopy, which aims to overcome Abbe resolution limit by combin-
ing specific acquisition and image processing techniques. We consider a fluorescence
Image Scanning Microscopy (ISM) system, which scans a biological sample with a
particular light distribution and records a micro-image at each scan position. This
specific light distribution is created by shaping a laser beam thanks to an optical phe-
nomenon called conical diffraction. We propose a mathematical framework based on
a four-dimensional Fourier transform, which enables us to provide a theoretical com-
parison of the different ISM methods in terms of resolution gain. We also address
the exact mathematical modelling of these methods, and in particular the discretiza-
tion issues involved in the simulation of an ISM system. These questions indeed
play an essential role for the super-resolution system we study, naturally written
as an inverse problem. We first consider a formulation with very little constraints
by imposing only the positivity of the reconstructed image. We show that in that
case, the Maximum A Posteriori (MAP) estimate suffers from an artifact called night
sky, but it can be avoided by imposing an additional band-limitedness constraint on
the reconstructed image. The two resulting convex constraints can be simultane-
ously handled by means of a specific projection algorithm. We then introduce a new
estimator, called E-LSE (for Emitters-Least-Square Error), which minimizes the a
posteriori mean square error and is particularly suited to sparse samples, which are
often encountered in fluorescence microscopy. Despite the very high dimension of the
problem and the non-convexity of the sparsity constraint, this E-LSE estimator can
be numerically computed with an MCMC (Markov Chain Monte Carlo) algorithm.
We show that it outperforms the MAP estimate in terms of artifacts and, on several
examples, produces a better-resolved image.
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Chapitre 1
Introduction
En 1873, Ernest Abbe e´voquait l’impossibilite´ pour un microscope optique de
visualiser des e´le´ments plus petits qu’environ la moitie´ de la longueur d’onde utilise´e
pour illuminer l’e´chantillon biologique. Le domaine des longueurs d’onde du spectre
visible e´tant compris entre 400 et 800 nanome`tres environ, des de´tails plus petits
qu’environ 200 nanome`tres ne pourront donc pas eˆtre distingue´s lors de l’utilisation
d’un microscope optique. En 2014 le prix Nobel de chimie est remis a` Eric Betzig,
Stefan W. Hell et William E. Moerner, pour leurs diffe´rentes techniques de super-
re´solution “repoussant les limites de la science”, utilisant les proprie´te´s des mole´cules
fluorescentes. Aujourd’hui, la plupart des microscopes a` fluorescence sont e´quipe´s
d’un module de super-re´solution, indispensable pour visualiser des phe´nome`nes bio-
logiques dont l’ordre de grandeur est la centaine de nanome`tres. En effet si la taille
des cellules biologiques est plutoˆt de l’ordre de la dizaine de microme`tres, celle des
virus et des prote´ines est de l’ordre de la dizaine de nanome`tres, rendant impossible la
visualisation de leurs interactions avec une cellule sans technique de super-re´solution.
La microscopie e´lectronique, diffe´rente de la microscopie optique car elle e´claire
l’e´chantillon avec un faisceau d’e´lectrons, permet de de´passer sans difficulte´ cette
limite, mais requiert de fixer, c’est-a`-dire tuer les cellules constituant l’e´chantillon.
Elle n’offre donc pas la possibilite´ d’observer des e´chantillons et phe´nome`nes vivants,
ce qui explique l’utilisation toujours actuelle des microscopes optiques. Pour autant,
l’observation de la dynamique des processus biologiques nanoscopiques permettrait
de mieux comprendre leurs e´tapes et la dure´e de chacune, afin d’eˆtre capable d’agir
sur celle-ci (par exemple dans le cas d’une contamination par un virus, eˆtre capable
de visualiser les diffe´rentes e´tapes par lequel le virus passe avant d’infecter une cel-
lule pourrait permettre de stopper la contamination en rendant impossible une des
e´tapes).
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La microscopie a` fluorescence utilise des fluorophores, c’est-a`-dire des prote´ines
e´mettant de la lumie`re suite a` une excitation (a` l’aide un laser par exemple) par un
photon d’une longueur d’onde adapte´e a` ce fluorophore. Au moment de retourner
dans son e´tat fondamental, le fluorophore libe`re un photon, appele´ photon de fluo-
rescence, cre´ant une lumie`re qui est ensuite enregistre´e par une de´tecteur (came´ra,
PMT etc.), par exemple. Les longueurs d’onde d’e´mission et d’excitation d’un fluo-
rophore sont diffe´rentes, permettant de visualiser uniquement, au moyen d’un filtre,
les photons e´mis par les fluorophores.
Plusieurs techniques, et en particulier celles traite´es dans cette the`se, dans les
chapitres 3 et 6, utilisent un microscope a` balayage laser ; il s’agit d’un syste`me
ou` le laser se de´place sur l’e´chantillon, le plus souvent par l’interme´diaire de mi-
roirs galvanome´triques. Une mesure ne correspond donc pas a` l’image comple`te de
l’e´chantillon biologique mais a` une petite partie uniquement. A` chaque mouvement
du laser, une mesure est effectue´e et l’ensemble de ces mesures permet, apre`s traite-
ment des donne´es, de cre´er ensuite l’image finale. On les appelle souvent me´thodes
ISM, pour Image Scanning Miscroscopy.
Dans cette the`se, on s’inte´resse particulie`rement aux images parcimonieuses,
sparses en anglais. Dans [64], la parcimonie est de´finie comme suit : “une repre´-
sentation sparse est une repre´sentation dans laquelle un petit nombre de coefficients
contient une large proportion d’e´nergie”. La cre´ation meˆme des images en microscopie
de fluorescence induit une notion de sparsite´ dans le domaine de l’image, puisqu’on
illumine des sources ponctuelles de lumie`re, les fluorophores. Les repre´sentations
sparses sont de plus en plus pre´sentes dans la litte´rature, notamment graˆce au
de´veloppement du compressed sensing [36], qui cherche, e´tant donne´ un syste`me
line´aire, une base dans laquelle, la repre´sentation de la solution du syste`me line´aire
soit la plus sparse possible.
1.1 Formation de l’image et mode´lisation du bruit
lie´ a` la mesure
Une image nume´rique (monochromatique) est mode´lise´e par un tableau de nombres,
dont chaque case est appele´e un pixel. Les valeurs de ces pixels sont appele´s les ni-
veaux de gris, le 0 repre´sentant le noir absolu. On revient sur la cre´ation de ce tableau
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et en particulier sur la notion de capteur. Ensuite, on s’inte´resse aux diffe´rents bruits
intervenant lors de la cre´ation d’une image sur le capteur de la came´ra, en s’appuyant
sur l’article de Aguerrebere et al. [6]. On de´crit ici les deux principales sources de
bruit : le bruit dit de “grenaille” (photon shot en anglais), duˆ au caracte`re quan-
tique de la lumie`re et caracte´rise´ par un processus de Poisson, et le bruit de lecture
de la came´ra, duˆ par exemple a` son e´lectronique. Ce dernier est le plus souvent
mode´lise´ par un bruit additif gaussien, dont la de´viation standard est spe´cifie´e dans
les caracte´ristiques de la came´ra.
1.1.1 Formation de l’image sur le capteur
Une came´ra nume´rique est compose´e d’e´le´ments e´lectroniques appele´s capteurs
photographiques ou photosites, qui sont photosensibles et qui convertissent un rayon-
nement e´lectromagne´tique (pouvant eˆtre dans le domaine du visible, c’est-a`-dire entre
400 et 800 nanome`tres environ, mais e´galement dans l’infra-rouge ou l’ultra-violet) en
un signal e´lectrique analogique. Dans le cas d’un capteur CMOS, pour Complemen-
tary Metal Oxide Semi-Conductor en anglais, ce signal passe par un amplificateur
puis un convertisseur analogique-nume´rique cre´ant l’image nume´rique en sortie. Sur
ce type de capteur, la lecture se fait ligne par ligne, c’est-a`-dire que toutes les co-
lonnes sont lues en meˆme temps, chacune e´tant associe´e a` un amplificateur ; chaque
amplificateur e´tant diffe´rent, un motif de colonne se cre´e alors a` la lecture de plu-
sieurs lignes (repre´sente´ sur la figure 1.1), qu’il faudra ensuite inte´grer dans le mode`le
pour qu’il n’alte`re pas la qualite´ de l’image finale.
Figure 1.1: Exemple d’image “noire” (pas de lumie`re projete´e, temps d’exposition d’environ 1
ms) a` gauche obtenue sur un capteur de type CMOS. En raison du processus de lecture, avec un
amplificateur par colonne, on voit apparaˆıtre un motif de colonne ; sur la seconde image, on a retire´
a` chaque colonne sa moyenne, laissant apparaˆıtre une image uniforme´ment bruite´e, sans motif. A`
droite, l’histogramme des niveaux de gris de l’image du milieu. L’histogramme de cette image est
tre`s proche d’une courbe Gaussienne (repre´sente´ en rouge), la mode´lisation du bruit de lecture par
un bruit Gaussien semble donc cohe´rente.
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Si l’on note C la surface d’un photosite, le signal re´cupe´re´ sur le photosite ima-
geant l’e´chantillon biologique u est donne´ par∫ ∫
C
u(kδ + x, lδ + y)dxdy,
ou` δ est le pas d’e´chantillonnage ; il s’agit alors d’un e´chantillon de la discre´tisation de
la convolution entre l’e´chantillon u et et la fonction indicatrice de la surface collectrice
C.
1.1.2 Analyse des bruits pre´dominants
Bruit de grenaille Comme explique´, par exemple dans [118], la lumie`re peut eˆtre
vue comme une se´rie de particules, appele´s photons. D’apre`s les lois de la physique,
chaque photon posse`de une e´nergie de´finie par hc/λ, ou` λ est la longueur d’onde, c la
vitesse de la lumie`re et h la constante de Planck. La physique quantique permet de
de´crire l’e´mission de photons par une source lumineuse selon un processus statistique
de Poisson. Le nombre de photons observe´s durant un intervalle de temps T (appele´
temps d’exposition) suit une loi de Poisson de parame`tre ρT ou` ρ est le flux de
photons. La figure 1.2 illustre ce phe´nome`ne.
Bruit de lecture Le bruit de lecture est duˆ a` deux phe´nome`nes : la conversion
analogique-nume´rique au sein du capteur et un bruit intrinse`que a` chaque pixel. Plus
ce bruit de lecture est faible, plus les changements faibles d’intensite´s peuvent eˆtre
observe´s sur la came´ra, ce qui prend particulie`rement sens pour les applications bio-
logiques ou` l’e´clairement des e´chantillons est le plus limite´ possible, afin d’e´viter de
tuer les cellules ou de faire perdre aux fluorophores leurs proprie´te´s de fluorescence.
Il est de coutume de mode´liser ce bruit de lecture comme un bruit additif Gaussien
[109]. Une expe´rience faite en prenant une image constante (sans lumie`re) confirme
cette hypothe`se : sur la figure 1.1, la re´partition des valeurs prises par les pixels est
tre`s proche d’une courbe Gaussienne. L’image e´tant obtenue sur une came´ra avec un
capteur CMOS, le motif de colonne mentionne´ ci avant est visible, on retire donc a`
chaque colonne sa moyenne, laissant apparaˆıtre une image similaire a` du bruit pur,
et dont les pixels ont e´te´ utilise´s pour la comparaison avec la gaussienne.
Dans le cas d’une acquisition en faible lumie`re, comme la microscopie a` fluores-
cence, on conside`re uniquement le bruit de grenaille, analyse´ pre´dominant [7]. Ce
n’est pas la seule application ou` l’on conside`re uniquement ce type de bruit ; c’est
e´galement le cas en tomographie par e´mission [110] ou en astronomie [12]. Cette
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(a) Maximum a` 50 photons : (b) Maximum a` 500 photons :
originale et bruite´e originale et bruite´e
Figure 1.2: Illustration du bruit de Poisson sur deux images de dynamiques diffe´rentes : l’image
originale est repre´sente´e dans la moitie´ supe´rieure, au dessus de la se´paration rouge dans les deux
cas. A` partir de cette image, on a ge´ne´re´ du bruit de Poisson, pour un maximum de photons de
50 en (a), 500 en (b), dont les repre´sentations sont dans les moitie´s infe´rieures, sous la se´paration
rouge. Visuellement l’effet du bruit de Poisson est bien plus fort lorsque le nombre de photons est
plus faible (a` gauche). La valeur des pixels bruite´s e´tant lie´e au nombre de photons sur l’image, et
non additive, comme dans le cas Gaussien, des algorithmes spe´cifiques pour ce type de bruit doivent
eˆtre mis en place. Image de cellule fongique (le canal vert est le seul repre´sente´ sur cette image)
par Fernan Federici et Anna Gordon pour le concours Olympus BioScapes Digital Imaging 2011,
licence CC BY-NC-ND 3.0
hypothe`se est aussi valide car les came´ras utilise´es dans ces applications sont perfor-
mantes et donc limitent le bruit Gaussien. Pour plus d’informations sur un mode`le
prenant en compte e´galement le bruit Gaussien, le lecteur peut se re´fe´rer a` [72]. A
contrario, lorsque le nombre de photons est plus important, le bruit Gaussien additif
est souvent le seul conside´re´.
Les images obtenues sur la came´ra doivent donc eˆtre de´bruite´es, a` l’aide d’al-
gorithmes adapte´s au bruit de Poisson, mais aussi de´convolue´es car l’image par un
syste`me optique d’un point tre`s petit n’est pas un point mais une taˆche ; ceci est duˆ
a` un phe´nome`ne physique, appele´ diffraction : l’e´talement de l’e´nergie d’un point par
tout syste`me optique fini.
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1.2 Limitation fre´quentielle d’un syste`me optique
En 1873, Abbe [1] de´finit la limite de diffraction, d, c’est-a`-dire la plus petite
pe´riode repre´sentable par le syste`me optique, comme une fonction de la longueur
d’onde utilise´e λ et l’ouverture nume´rique de l’objectif NA, donne´e par
d =
λ
2NA
. (1.1)
L’ouverture nume´rique, NA, est une caracte´ristique capitale d’un objectif de´crivant
le coˆne de lumie`re entre le foyer et la lentille. Elle est proportionnelle a` l’indice de
re´fraction du milieu et au demi-angle d’ouverture, angle entre l’axe optique et le plus
grand rayon pouvant pe´ne´trer dans la lentille. Plus NA est grand, plus la re´solution
est bonne (en effet, d dans (1.1) est inversement proportionnel a` NA). Une grande
ouverture nume´rique limite cependant la profondeur de champ, c’est-a`-dire la zone
sur l’axe z contenant des objets nets est plus restreinte. Dans la suite de cette intro-
duction, on se re´fe´rera a` d quand on parlera du pouvoir de re´solution d’un syste`me
optique.
Cette limite de diffraction peut aussi s’exprimer dans le domaine de Fourier
comme explique´ par Goodman [44] : les transforme´es de Fourier des images ge´ne´re´es
par un microscope sont a` support borne´, contenues dans [−fmax, fmax]2, ou` fmax,
appele´e la fre´quence de coupure, est donne´e par
fmax =
2π
d
=
4πNA
λ
. (1.2)
On revient plus pre´cise´ment dans le chapitre 2 sur la de´finition de la transforme´e
de Fourier, de´finie pour toute fonction f˜ ∈ L1(Rn) par
∀ξ ∈ Rn, F(f) : ξ 7−→
∫
Rn
f˜(x)e−i〈ξ,x〉dx.
Le de´tecteur de la came´ra e´tant pixelise´, il faut introduire la Transforme´e de Fourier
Discre`te, DFT ; e´tant donne´s N e´chantillons (f(k))k=0,...,N−1, tels que f(k) = f˜(kT ),
ou` T est le pas d’e´chantillonnage, la DFT de f s’e´crit
∀p ∈ Z, fˆ(p) =
N−1∑
k=0
f(k)e−
2ipipk
N
La DFT est un outil tre`s inte´ressant nume´riquement car sa complexite´ est enO(N logN),
pour tout N positif.
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On pre´sente sur la figure 1.3 une image nume´rique et sa transforme´e de Fourier
discre`te. Puisque cette dernie`re est complexe, on ne peut la repre´senter directement ;
dans cette the`se, on repre´sente toujours son module, car on s’inte´resse au poids des
composantes les unes par rapport aux autres. L’utilisation de l’e´chelle logarithmique
pour son observation est assez fre´quente car l’e´tendue des intensite´s est en ge´ne´rale
assez grande.
Figure 1.3: Repre´sentation d’une image nume´rique et de sa transforme´e de Fourier discre`te. A`
gauche, image de la figure 1.2, repre´sente´e cette fois en niveau de gris, a` droite l’image du module
de sa transforme´e de Fourier discre`te, en e´chelle logarithmique. On remarque que l’e´nergie est plus
condense´e dans l’espace de Fourier, en particulier autour des basses fre´quences, situe´es pre`s du
centre. L’image de de´part e´tant re´elle, le module de sa transforme´e de Fourier est une fonction
paire, ce qui explique la syme´trie centrale observe´e dans l’image de droite.
Le fait que tout syste`me optique soit limite´ en fre´quence signifie qu’au-dela`
de la fre´quence fmax donne´e par la Formule (1.2), les coefficients capture´s sont
the´oriquement nuls, donc dans la pratique, uniquement dus au bruit. Cela signi-
fie e´galement que, dans le domaine spatial, c’est-a`-dire dans le domaine de l’image,
par opposition au domaine de Fourier 1, un point plus petit que la limite de re´solution
du syste`me d apparaˆıt comme une tache. Dans le cas d’une source ponctuelle, cette
tache est appele´e PSF, pour Point Spread Function en anglais, fonction d’e´talement
du point en franc¸ais et note´e ϕ. Pour un e´chantillon u, en deux dimensions, on ob-
serve non pas u mais u∗ϕ, ou` ∗ de´note la convolution, sur laquelle on revient dans la
suite. Pour un microscope, lorsque l’ouverture est circulaire et la lumie`re conside´re´e
monochromatique et incohe´rente, la PSF est mode´lise´e par la tache d’Airy. Cette
“tache d’Airy” est repre´sente´e dans le domaine spatial et de Fourier sur la figure 1.4.
1. cette de´finition du domaine spatial sera celle utilise´e dans le reste de cette introduction ainsi
que dans les diffe´rents chapitres
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On note ra, pour rayon d’Airy, le premier ze´ro du profil vertical de la fonction d’Airy ;
sa valeur est fonction de la longueur d’onde λ, de l’ouverture nume´rique NA et est
donne´e par
ra ≃ 0.61 λ
NA
.
On remarque sur la figure 1.4 que la majorite´ de l’e´nergie de la PSF est concentre´e
dans le cercle de rayon ra. Cela signifie qu’en plus d’eˆtre a` bande limite´e, c’est-a`-dire
que sa transforme´e de Fourier est borne´e, la PSF est aussi tre`s condense´e dans le
domaine spatial.
Espace
Fourier
Figure 1.4: Illustration de la tache d’Airy, mode´lisant la tache optique du microscope, en espace
(en haut) et dans le domaine de Fourier (en bas). Un profil vertical est repre´sente´ pour les deux
images. En espace, on voit qu’une grande proportion de l’e´nergie est situe´e dans le cercle centre´ en
0 et de rayon ra. Dans le domaine de Fourier, on remarque que les coefficients discrets plus grands
que fmax ont des valeurs nulles, ce qui est duˆ au fait que le syste`me optique cre´e des signaux a`
bande limite´e.
Pour comprendre le proble`me de cette limitation dans le domaine de Fourier, il est
important de comprendre ce que repre´sentent les hautes et basses fre´quences d’une
image. L’e´nergie des fre´quences hautes d’une image correspond dans la majorite´ des
cas aux changements brusques d’intensite´, par exemple les contours mais e´galement
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le bruit ; a contrario, celle des basses fre´quences repre´sente les parties homoge`nes,
avec des changements de contraste assez lents, comme pre´sente´ sur la figure 1.5.
Pour se´parer ces composantes, on utilise un filtre dit passe-haut (i.e, laissant passer
les fre´quences hautes) et un passe bas (i.e, laissant passer les basses fre´quences). Sur
la figure 1.5, l’application des deux filtres te´moigne des caracte´ristiques recense´es
ci-avant : l’image re´sultat du filtre passe-bas est quasiment identique avec ou sans
bruit contenant les parties homoge`nes, donnant une version floue de l’image originale.
L’image re´sultat du filtre passe-haut contient les de´tails fins, a` savoir les contours et
le bruit pour l’image bruite´e.
Figure 1.5: Illustration des hautes et basses fre´quences de la transforme´e de Fourier d’une image.
Sur la premie`re colonne sont repre´sente´es les images “originales”, en haut, l’image usuelle de Lena,
en bas, cette meˆme image de´grade´e par un bruit Gaussien. Sur les deux colonnes suivantes : l’image
de la premie`re colonne filtre´e avec un filtre de Butterworth [19] passe-bas (fre´quence de coupure a`
3% de la taille de l’image), image originale filtre´e avec un filtre passe-haut (fre´quence de coupure a`
10% de la taille de l’image). Le filtre passe-bas atte´nue les contours et de´tails de l’image (la rendant
plus floue) et produit un re´sultat similaire que l’image de base soit bruite´e ou non. Au contraire, le
filtre passe-haut contient tous les contours et de´tails pre´cis (par exemple les plumes du chapeau ou
les cils) mais e´galement le bruit.
En microscopie, lors de la convolution du signal avec la taˆche d’Airy, les hautes
fre´quences perdues peuvent par exemple e´liminer des se´parations (de taille infe´rieure
a` d) entre les e´le´ments biologiques, des filaments de tre`s faible e´paisseur ou encore
des e´le´ments ponctuels de tre`s petite taille. Cependant, ces caracte´ristiques peuvent
permettre au biologiste de mieux appre´hender les phe´nome`nes qu’il e´tudie. C’est
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pourquoi de nombreuses techniques de super-re´solution se sont de´veloppe´es au cours
des dernie`res anne´es.
1.3 Techniques de super-re´solution en microsco-
pie a` fluorescence
Dans le cas de la microscopie a` fluorescence, la prote´ine GFP (pour Green Fluo-
rescent Protein, dont le prix Nobel de Chimie 2008 a re´compense´ la de´couverte et les
applications), utilise´e dans la pre´paration de nombreux e´chantillons car peu toxique
sur les cellules vivantes, posse`de un maximum d’excitation autour de 480 nm. Les
meilleurs objectifs ont une ouverture nume´rique autour de NA = 1.5, nous donnant
donc une limite de diffraction de
d =
480
2× 1.5 ≃ 160 nm,
signifiant qu’aucun e´le´ment plus petit que 160 nm ne peut-eˆtre re´solu dans ces
circonstances. Pour pallier cette limite, de nombreuses techniques dites de “super-
re´solution” ont e´te´ cre´e´es, exploitant les proprie´te´s des mole´cules fluorescentes, no-
tamment la possibilite´ de les allumer/e´teindre se´lectivement dans une sce`ne donne´e.
De nombreux articles recensent les diffe´rentes techniques de super-re´solution ac-
tuelles, parmi lesquels on peut citer en 2009 l’article de Chi [25] ou encore celui
de Huang at al. [59] et en 2011 celui de Leung et Chou [73]. Les techniques de super-
re´solution peuvent eˆtre divise´es en deux cate´gories : les me´thodes plein champ comme
le SIM, pour Structured Illumination Microscopy, et le PALM/ STORM, pour Photo-
Activated Localization Microscopy et STochastic Optical Reconstruction Microscopy,
et les me´thodes plus locales, utilisant le plus souvent un microscope de fluorescence
a` balayage laser. Le chapitre suivant de cette the`se traite du SIM et des me´thodes
dites ISM, pour Image Scanning Microscopy. Pour ces deux me´thodes, les valeurs
des coefficients fre´quentiels entre fmax et 2fmax (voir formule (1.2)) existent dans la
transforme´e de Fourier des images acquises. De plus, l’hypothe`se de positivite´ sur les
donne´es pourrait permettre de repousser cette limite [100]. Dans la suite on appelle
widefield l’image obtenue avec le syste`me optique sans traitement, en plein champ.
Plusieurs parame`tres doivent eˆtre pris en compte pour caracte´riser une me´thode
de super-re´solution, comme souligne´ par Schermelleh, Heintzmann et Leonhardt-
dans [99]. En effet, si le gain de re´solution est e´videmment un point tre`s important
(se´paration de points, e´paisseurs de filaments, etc.), d’autres crite`res sont a` respecter.
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En particulier la phototoxicite´, tre`s particulie`rement lie´e a` la possibilite´ d’e´tudier des
phe´nome`nes vivants ; en effet la projection d’une forte lumie`re sur l’e´chantillon peut
tuer celui-ci, et donc empeˆcher ou alte´rer une mesure sur plusieurs minutes ou heures.
Deux autres points sont importants, comme la facilite´ a` cre´er les e´chantillons et aussi
a` utiliser la technique ainsi que la possibilite´ de faire de la colocalisation ; en effet il
peut arriver de vouloir e´tudier l’interaction entre deux objets biologiques, marque´s
alors par des fluorophores re´pondant a` des longueurs d’onde diffe´rentes, (on utilise
le syste`me de super-re´solution deux fois, une fois avec chaque longueur d’onde). On
souhaite alors que les deux images obtenues puissent eˆtre compare´es spatialement,
afin de caracte´riser le lien entre les deux objets biologiques.
Il est important de souligner e´galement que les syste`mes de super-re´solution ont
souvent pour but de valider ou non une hypothe`se formule´e par un biologiste, il
est donc important que ce dernier ait “confiance” dans les re´sultats, connaisse les
limites du syste`me et en particulier que ce syste`me ne l’induise pas en erreur quant
a` la validite´ de ses hypothe`ses. Ceci est encore plus vrai lorsque le biologiste utilise
le syste`me pour e´mettre une hypothe`se, e´tablie d’apre`s l’observation des donne´es.
La connaissance et la gestion des artefacts est donc un point tre`s important pour la
super-re´solution.
1.3.1 STED
La microscopie STED, en franc¸ais De´ple´tion par E´mission STimule´e, a e´te´ pu-
blie´e en 1994 dans [56] par Hell, et re´alise´e physiquement pour la premie`re fois en
2000. Cette technique utilise le fait qu’il existe en fait un autre moyen pour le fluo-
rophore de retourner dans son e´tat fondamental : l’e´mission stimule´e. On illumine
le fluorophore juste apre`s l’excitation par une longueur d’onde correspondant a` son
e´nergie de transition, ce qui le de´sexcite sans libe´rer de photon.
Le STED est utilise´ avec un microscope a` balayage laser, et utilise l’e´mission
simule´e ; on utilise d’abord le syste`me normalement (avec la PSF usuelle), puis on
projette juste apre`s, par l’interme´diaire d’un autre laser, un faisceau dit “STED”
ou d’e´mission stimule´e dont la longueur d’onde appartient au spectre d’e´mission de
la mole´cule. Ce faisceau a la forme d’un anneau, permettant de ne laisser excite´s
que les fluorophores au centre (cf figure 1.6). Il est a` noter que les fluorophores en
pe´riphe´rie (dans l’anneau) ont e´te´ doublement e´claire´s par rapport au confocal et
sature´s. Comme spe´cifie´ dans [39], l’anneau de de´ple´tion est obtenu le plus souvent
graˆce a` un masque de phase place´ sur le chemin optique du faisceau STED meˆme si
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des alternatives sont possibles [123]. Comme explique´ dans [37], plus on augmente
l’intensite´ du faisceau d’e´mission stimule´e, plus la zone de fluorescence finale est
diminue´e, sans re´elle limite et surtout de manie`re non line´aire. Il est a` noter que les
deux lasers ont le plus souvent un chemin optique diffe´rent, afin que l’un ait la forme
usuelle de la PSF et le second la forme d’anneau.
Figure 1.6: Illustration simplifie´e du principe du STED ; de gauche a` droite : illumination projete´e
sur l’e´chantillon (tache optique conventionnelle, PSF) - faisceau de de´ple´tion STED, de la forme
d’un anneau - illumination excitatrice e´quivalente qui en re´sulte. Sans aucun doute le faisceau de
de´ple´tion a permis de re´duire la taille de la PSF, en de´sexcitant les photons en pe´riphe´rie de la PSF
conventionnelle ; ces derniers ont par contre e´te´ doublement e´claire´s : une fois par la PSF usuelle a`
gauche et une fois par le faisceau de de´ple´tion (au milieu).
Une image obtenue sur des microtubules est pre´sente´e sur la figure 1.7 ou` l’on
peut clairement voir que le STED permet de de´passer la limite de re´solution du
widefield.
D’autres comparaisons peuvent eˆtre vues par exemple dans [99] ou [25], ou` la
forme du neurone est mise en avant graˆce au STED. Dans [54], Hell et al. prouvent
que la limite de diame`tre atteinte par le STED est de´crite par la formule
λ
2NA
√
1 + IS/I
,
ou` λ est la longueur d’onde utilise´e,NA l’ouverture nume´rique de l’objectif, IS l’inten-
site´ du faisceau de de´ple´tion et I l’intensite´ des fluorophores. D’apre`s cette formule,
le moyen d’augmenter la re´solution (en re´duisant ce diame`tre) est donc d’augmenter
l’intensite´ du faisceau de de´ple´tion Is, pouvant mener a` la destruction des cellules,
rendant donc plus difficiles les mesures du vivant a` tre`s haute re´solution.
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(a) Imagerie conventionnelle (b) STED (c) Profil microtubule
Figure 1.7: Exemple de super-re´solution par me´thode STED : (a) image obtenue par un microscope
widefield (et donc limite´ par la formule de Abbe), (b) image obtenue par un microscope Leica avec
technologie STED (taille du pixel ∼25 nm). Les prote´ines fixe´es sur les microtubules ont e´te´ excite´es
avec une longueur d’onde de 488 nm. On peut voir que l’image de droite est plus re´solue (comme
montre´ sur le profil d’une microtubule en (c)) et laisse apparaˆıtre des se´parations non visibles sur
celle de gauche.
Image de microtubules dans une cellule de drosophile par Cazares-Chao-Andlauer-J. et C. Galbraith
disponible sur cellimagelibrary.org, licence CC BY-NC-ND 3.0
1.3.2 Microscopie a` mole´cule unique
Il existe diffe´rentes techniques de la microscopie a` mole´cule unique, parmi les plus
connues, le PALM [17] et le STORM [98]. Ces deux techniques ont e´te´ cre´e´es en 2006
par deux laboratoires diffe´rents mais reposent sur le meˆme principe : seul un petit
nombre de fluorophores sont excite´s, stochastiquement, a` chaque prise d’image, de
manie`re a` ce que deux fluorophores tre`s proches aient une tre`s faible probabilite´ d’eˆtre
excite´s (et donc d’e´mettre de la lumie`re) au meˆme moment. Une came´ra enregistre
ensuite un tre`s grand nombre d’images obtenues par ce processus, avec activation
de diffe´rents fluorophores. Comme pre´cise´ auparavant, toute source ponctuelle plus
petite que la limite de diffraction renvoie une tache de la forme de la PSF. Sur chaque
image enregistre´e, on retrouve donc une somme de PSFs, isole´es, cre´e´es par les sources
ponctuelles e´claire´es. La forme de la PSF e´tant connue, on peut de´terminer la position
et l’intensite´ de chacun des fluorophores avec une bonne pre´cision. Ce processus
est effectue´ pour chaque image et finalement l’ensemble des positions et intensite´s
permet de cre´er l’image finale, super-re´solue. La figure 1.8 pre´sente des re´sultats
obtenus dans [106], les structures de´tecte´es par le PALM n’auraient pu eˆtre devine´es
sans super-re´solution, en particulier sur l’image widefield, les deux canaux, vert et
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rouge, semblent se recouvrir l’un l’autre alors que l’un se re´ve`le plutoˆt constitue´ de
structures continues (en rouge) et l’autre de structures ponctuelles (en vert).
(a) Microscope optique (b) Re´sultat PALM
Figure 1.8: Illustration du PALM sur une image re´elle : l’image (a), limite´e par la diffraction,
l’image (b) repre´sente la meˆme structure image´e par un syste`me de super-re´solution PALM. Les
images originales ne sont pas a` la meˆme re´solution (le pixel est plus petit sur l’image PALM). Le
gain en super-re´solution est inde´niable, et les structures qui semblaient se recouvrir comple`tement
en (a) s’ave`rent en fait assez diffe´rentes, les prote´ines vertes formant des sources beaucoup plus
ponctuelles que les rouges.
Image par Catherine et James Galbraith, correspondant a` la figure 4 de l’article [106] et rendue
disponible par les auteurs sur cellimagelibrary.org, licence CC BY-NC-ND 3.0
Dans [84], Mortensen et al. prouvent que la pre´cision de la position du fluorophore
est donne´e par √
σk + r2c/12
N
(
16
9
+
8πσkb2
r2cN
)
, (1.3)
avec N le nombre de photons collecte´s par fluorophore, σk la variance de la PSF,
souvent approxime´e Gaussienne, rc la taille du pixel de la camera et b le nombre de
photons dans le fond de l’image, conside´re´ constant.
Il est a` noter que la super-re´solution obtenue par cette me´thode repose sur le
fait que les mole´cules sont excite´es stochastiquement. En effet, si par hasard deux
mole´cules se´pare´es par une distance plus petite que (1.1) e´taient allume´es simul-
tane´ment, l’ajustement avec la PSF ne ferait pas apparaˆıtre les deux mole´cules mais
situerait le fluorophore au milieu de la tache cre´e´e par la somme des deux spots. Cela
signifie qu’il faudrait que tre`s peu de mole´cules soient excite´es en meˆme temps, ce
qui requiert un grand nombre d’images et donc un temps d’acquisition assez long.
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Tre`s re´cemment, en 2014 et 2016, deux articles ont de´veloppe´ des me´thodes va-
riationnelles autour des techniques a` mole´cules uniques, par exemple l’algorithme
FALCON - pour FAst Localization algorithm based on a CONtinuous-space formu-
lation en anglais [82] ou l’algorithme SPIDER - pour Sparse Image DEconvolution
and Reconstruction en anglais [63]. Dans le premier article, un algorithme en trois
e´tapes est propose´ pour traiter des donne´es de PALM/STORM assez denses (et donc
ou` plusieurs points sources pourraient interagir) : une de´convolution avec pe´nalisation
au sens de la norme L1, suivie d’une localisation grossie`re des diffe´rentes mole´cules
puis une recherche pre´cise de position et intensite´ pour chacune d’entre elles, cher-
chant la PSF translate´e la plus proche des donne´es obtenues. Pour le second article,
une pe´nalite´ de type L0 (c’est-a`-dire sur le nombre de pixels non nuls) est utilise´e ;
si le proble`me n’a pas de solution explicite, un sche´ma ite´ratif peut eˆtre cre´e´, don-
nant des re´sultats concluants sur des donne´es simule´es mais pour l’instant tre`s peu
de re´sultats sur donne´es re´elles existent. Il est a` noter que la cre´ation d’e´chantillons
utilisables avec cette technique est assez complique´e et requiert des experts dans le
domaine, rendant plus difficile son utilisation.
1.3.3 Structured Illumination Microscopy - SIM
Dans le SIM, publie´ en 2000 par Gustafsson [46] et inspire´ par Heintzmann [55],
un ensemble de grilles est projete´ sur l’e´chantillon biologique u. Ces grilles s’e´crivent
sous la forme
∀x ∈ R2, mi,θ(x) = M0 (1 + α cos(〈kθ, x〉+ φi)) .
La transforme´e de Fourier de mi,θ se formule comme une somme ponde´re´e de distri-
butions de Dirac, en 0 et ±kθ. Soit I i,θu l’image cre´e´e par l’utilisation de la grille mi,θ,
sa transforme´e de Fourier est donne´e par
Î i,θu (ξ) =
(
M0uˆ(ξ) +M0α
′ (uˆ(ξ + kθ)eiφi + uˆ(ξ − kθ)e−iφi)) ϕ̂(ξ) + n̂i,θ(ξ),
ou` ϕ est la PSF du syste`me, a` bande-limite´e, ve´rifiant donc
∀ξ ∈ R2 | ξ ∈ B(0, fmax), ϕ̂(ξ) = 0,
ou` B(0, fmax) est la boule de rayon fmax centre´e sur la fre´quence 0. Cela signifie que
∀ξ ∈ R2 | |ξ| > fmax, Î i,θu (ξ) = 0. Cependant, on peut voir que la transforme´e de
Fourier de la mesure a` la fre´quence ξ contient les valeurs de la transforme´e de Fourier
de l’e´chantillon pour des fre´quences entre ξ − kθ et ξ + kθ, c’est-a`-dire supe´rieures a`
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fmax. Ces composantes peuvent eˆtre se´pare´es si le nombre de phases φi pour chaque
θ est supe´rieur a` 3 puis la fusion de toutes les composantes est faite graˆce a` un filtre
de Wiener. La figure 1.9 re´sume le principe du SIM.
1
fmax−fmax
2 3
4
2fmax−2fmax
Figure 1.9: Illustration du SIM avec |kθ| = fmax : (1) les fre´quences des images cre´e´es au sein du
microscope sont a` bande limite´e, de fre´quence maximale fmax, les coefficients fre´quentiels pre´sents
dans la mesure sont donc ceux contenus a` l’inte´rieur du cercle noire (2) transforme´e de Fourier de la
grille mi,0 utilise´e par le SIM, constitue´e de 3 distributions de Dirac, (3) les coefficients fre´quentiels
de l’image obtenue graˆce a` l’acquisition mi,0 sont contenues dans un domaine plus grand que celui
des images initiales, mais uniquement dans une direction provile´gie´e ; le nouveau domaine est celui a`
l’inte´rieur de l’union des cercles rouges et noirs, (4) graˆce aux acquisitions mi,θ pour θ ∈ {0, pi
3
, 2pi
3
},
le domaine des fre´quences de l’e´chantillon represente´s dans les mesures est e´largi dans diffe´rentes
directions. Ce domaine est de´limite´ par les cercles colore´s. On peut voir que graˆce a` la forme
particulie`re de la grille, des fre´quences contenues entre fmax et 2fmax peuvent eˆtre calcule´es.
La figure pre´sente´e s’inspire de la figure de l’article de Gustafsson [46] pre´sentant la technique SIM.
L’avantage du SIM est qu’il s’agit d’une technique plein champ et line´aire. Uni-
quement 9 images sont ne´cessaires : 3 valeurs de φi pour chaque angle θ, et 3 valeurs
de θ, rendant la me´thode tre`s rapide. Cependant une erreur d’estimation des pa-
rame`tres (notamment φi, |kθ|, a` cause du bruit ou d’un mauvais alignement des
optiques par exemple) pour une des mesures peut tre`s fortement alte´rer le re´sultat
final. C’est pourquoi les me´thodes d’Illumination Scanning Microscopy, qui scannent
localement l’e´chantillon semblent plus adapte´es car chaque image concerne une pe-
tite partie de l’e´chantillon (et alte`re donc moins le re´sultat final) et la redondance
d’informations apporte plus de confiance quant au re´sultat obtenu.
1.3.4 Interpre´tation des me´thodes ISM
Dans les me´thodes ISM, l’e´chantillon biologique, u, est scanne´ a` un certain nombre
de positions, note´es (Xs)s∈{1,...,S}, en utilisant une distribution lumineuse, pouvant
eˆtre de´pendante de la position, Ds ; l’image observe´e sur la came´ra est une fonction
en quatre dimensions, les deux premie`res correspondant au pixel came´ra, Xc, les deux
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autres a` la position Xs :
Iu(Xs, Xc) = ((u(·)×Ds(· −Xs)) ∗ ϕ(·)) (Xc). (1.4)
Dans le chapitre 3, on prouve que, comme dans le SIM, il est possible de doubler
le domaine des fre´quences mesure´es avec les me´thodes ISM. En effet, la transforme´e
de Fourier 4-dimensions de (1.4) s’e´crit, comme nous le verrons dans le chapitre 2,
sous la forme
Îu(η) = ϕ̂(η34)D̂s(−η12)uˆ(η12 + η34), η =
(
η12
η34
)
(1.5)
avec η12 ∈ B(0, fmax), η34 ∈ B(0, fmax) et donc η12+η34 ∈ B(0, 2fmax), ce qui signifie
que les fre´quences de l’e´chantillon u dans la boule B(0, 2fmax) sont pre´sentes dans
les acquisitions Îu.
La discre´tisation d’un proble`me de type (1.4) est le sujet du chapitre 3 ; pour les
me´thodes ISM en microscopie, il est assez rare de trouver une description de´taille´e
de la discre´tisation, mais pour les techniques de super-re´solution plus ge´ne´rales, sur
images naturelles, utilisant plusieurs images basse re´solution, avec, parfois, un mou-
vement de la came´ra, pour cre´er une image super-re´solue, la bibliographie est plus
dense [92]. On peut voir que l’ope´rateur ISM peut se de´composer en ope´rations
simples, a` savoir
Iu = DMHu,
ou` la matrice de convolution H est une matrice de Toeplitz dont chaque ligne est
compose´e du noyau (ou plus exactement ici la PSF) translate´, celle de multiplication
M est une matrice diagonale et D est la matrice de sous-e´chantillonnage. Dans [79],
Marquina et Osher choisissent une matrice D, de´compose´e en Dx et Dy, avec
Dx =

1 1 0 0 . . . 0 0
0 0 1 1 . . . 0 0
...
. . .
...
0 0 0 0 . . . 1 1
 ,
et Dy de´fini syme´triquement, c’est-a`-dire D effectue la moyenne des pixels super-
re´solus correspondant au pixel sous-re´solu. Dans [26], une me´thode d’interpolation
biline´aire est utilise´e et dans [40], le sous-e´chantillonnage est choisi en prenant un
point sur z, ou` z est le facteur de zoom entre l’image came´ra et l’image super-re´solue.
Dans notre cas, on verra que le fait que le signal cre´e´ soit bande limite´e permet un
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sous-e´chantillonnage sans perte d’information, en “coupant” l’image du spectre dis-
cret, la fre´quence de coupure e´tant donne´e par la valeur discre`te de fmax.
Il est important de noter que les techniques de super-re´solution cite´es ci-avant
s’appuient sur l’aliasing, c’est-a`-dire le me´lange des hautes et basses fre´quences de
l’image recherche´e, obtenu en choisissant un pas d’e´chantillonnage trop grand (par
rapport a` celui requis par le the´ore`me de Shannon), comme explique´ par Simp-
kins et Stevenson dans [107]. En microscopie, au contraire, le pas d’e´chantillonnage
est choisi de manie`re a` e´viter de phe´nome`ne d’aliasing. Cette hypothe`se de bon
e´chantillonnage nous a motive´s a` choisir l’interpolation de Shannon pour mode´liser
le lien entre l’image continue et sa discre´tisation ; cette interpolation propose´e par
Abergel et Moisan [3] de´coule directement du the´ore`me de Shannon, supposant que
l’image super-re´solue a` retrouver est a` bande limite´e. Ce formalisme nous permet,
puisque la PSF ϕ et les illuminations Ds sont a` bande limite´e, de de´finir la dis-
tance minimale ne´cessaire entre deux points de scan. De plus, une de´finition des
ope´rations de type translation (ne´cessaire car les distributions lumineuses ne sont
pas ne´cessairement projete´es au meˆme endroit de la came´ra), zoom et zoom arrie`re,
dans le cas de signaux a` bande limite´e, de´rive de la de´finition de l’interpole´e de
Shannon. Il faut ne´anmoins se rappeler que l’utilisation de la transforme´e de Fourier
discre`te induit une hypothe`se de pe´riodicite´ implicite qui requiert d’eˆtre attentif aux
ope´rations de convolution (qui avec l’utilisation de la DFT est par de´finition une
convolution pe´riodique) et de multiplication (puisqu’il s’agit d’une convolution dans
le domaine de Fourier). Un algorithme complet est donc propose´ dans le chapitre 3.
Parmi les me´thodes ISM les plus connues, on peut citer
— l’imagerie conventionnelle : l’image obtenue par ce syste`me est cre´e´e en som-
mant les images obtenues sur la came´ra ; on de´montre dans le chapitre 3 que
la PSF d’un tel syste`me est en fait la meˆme que celle du microscope ;
— le pixel-reassignement : consiste a` assigner le signal enregistre´ pour une acquisi-
tion a` une position entre la position laser et la position came´ra, le plus sou-
vent au milieu. Cette technique est aujourd’hui utilise´ par le syste`me Airyscan
[61], [62]. Depuis 2017, [68], [67], ce module est utilise´ sur des cellules vivantes
et a montre´ sur des mitochondries ses performances en terme de re´solution,
sans alte´rer ni tuer la cellule. Dans [62], une comparaison entre le SIM et le
syste`me Airyscan est effectue´e ; dans les meilleures conditions, le SIM semble
plus performant en terme de re´solution. Cependant les “meilleures conditions”
ne sont pas toujours re´unies en microscopie (e´chantillon fin, bien marque´, avec
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un nombre de photons assez e´leve´ etc), et dans ce cas le syste`me AiryScan
reconstruit des images plus pre´cises, avec moins d’artefacts ;
— l’imagerie confocale : un faisceau laser scanne l’e´chantillon et filtre la lumie`re
renvoye´e au moyen d’un ste´nope´, c’est-a`-dire un trou de tre`s faible diame`tre.
Comme pre´sente´ sur la figure 1.10, la tache d’Airy est tre`s concentre´e spatia-
lement au plan focal et s’e´tale dans les plans suivants ; les photons capture´s
assez loin du rayon d’Airy proviennent alors vraisemblablement des plans
de´focalise´s et sont donc e´limine´s graˆce au diaphragme.
z = 0 nm z = 400 nm z = 700 nm
Figure 1.10: Sections xy normalise´es de la tache d’Airy, mode´lisant la tache optique du microscope
optique, pour 3 valeurs de z : 0, 400 et 700 nanome`tres ; en dessous, on peut voir les profils verticaux
des 3 taches. Les images e´tant normalise´es, la diffe´rence entre 0 et 400 nanome`tres est peu visible a`
l’œil nu, mais le profil montre la diffe´rence de re´partition de l’e´nergie ; a` 700 nanome`tres, la forme
meˆme de la tache est modifie´e. Les profils de´focalise´s, a` 400 et 700 nanome`tres, ont une plus grande
proportion d’e´nergie en dehors du cercle centre´ sur le milieu de l’image et de rayon ra.
Remarque. Le diaphragme du confocal est place´ devant le de´tecteur cre´ant
l’image, ce qui signifie que la quantite´ de lumie`re projete´e sur l’e´chantillon est
la meˆme qu’avec l’utilisation d’un syste`me conventionnel.
Plus le diaphragme est petit, plus l’image semble nette, mais plus l’intensite´
recueillie est faible. Il faut donc e´clairer l’e´chantillon avec un laser plus fort
pour obtenir une meˆme intensite´ finale. Sur la figure 1.11, on peut voir une
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comparaison entre les syste`mes widefield et confocal, avec un diaphragme e´gal
a` 1.3 fois le rayon d’Airy. Sans nul doute la re´solution obtenue est meilleure.
(a) Widefield (b) Confocal (c) Profil du “donut”
Figure 1.11: Comparaison entre widefield et confocal : (a) image obtenue par un microscope
optique widefield en plein champ, dont la re´solution est de´finie par la limite de Abbe (1.1), (b)
meˆme image obtenue graˆce a` un syste`me confocal. Le gain obtenu par le confocal est inde´niable :
sur le canal vert les filaments sont plus fins, mieux se´pare´s, sur le canal rouge, la forme “donut”
d’un des e´le´ments apparaˆıt (dont le profil est repre´sente´ en (c)). Le confocal est aujourd’hui une
des techniques les plus re´pandues en microscopie a` fluorescence.
Image obtenue sur un e´chantillon de type FluoCells de ThermoFisher, le canal rouge repre´sente les
mitochondries et le vert l’actine.
1.3.5 Comparaison des me´thodes ISM
Pour comparer les me´thodes, dans le chapitre 2, on compare les Fonctions de
Transfert Optiques, note´es OTF, des syste`mes associe´s a` ces me´thodes, c’est-a`-dire
les transforme´es de Fourier des PSF e´quivalentes. En particulier, on s’inte´resse aux
valeurs des OTF autour de la fre´quence ±2fmax : plus ces coefficients sont e´leve´s, plus
les composantes fre´quentielles de l’e´chantillon autour de 2fmax sont capture´es dans
les acquisitions produites par la technique. Le calcul des OTFs pour les 3 me´thodes
est de´taille´ dans le chapitre 3, on pre´sente ici simplement les profils du module des
OTF, sur la figure 1.12, avec une comparaison avec un (hypothe´tique) conventionnel
de double re´solution ; deux tailles de diaphragme pour le confocal sont pre´sente´es.
On peut voir que les coefficients des OTF autour de 2fmax sont bien moins bons
que ceux de ce conventionnel hypothe´tique a` re´solution double. Les me´thodes du
confocal et du pixel-reassignement pre´sentent ne´anmoins un re´el gain par rapport au
conventionnel re´el.
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Figure 1.12: Comparaison des profils des OTF pour les trois reconstructions line´aires : conven-
tionnelle, confocale (pour deux valeurs de diaphragme), pixel-reassignement ainsi que celui d’un
hypothe´tique syste`me conventionnel de re´solution double´e. Pour le conventionnel, on a exactement
la PSF, donc le signal est limite´ a` fmax ; pour les autres techniques, des fre´quences entre fmax et
2fmax sont non nulles. Les meilleurs re´sultats sont obtenus pour le pixel-reassignement ; quant au
confocal, plus le diaphragme se re´duit, plus le support des coefficients fre´quentiels non nuls s’agran-
dit, mais on rappelle que plus le diaphragme se re´duit, plus le nombre de photons compte´ est faible,
ce qui peut ne´cessiter d’e´clairer l’e´chantillon plus intense´ment. On note cependant qu’on n’atteint
pas les performances d’un conventionnel de fre´quence maximale 2fmax.
Ces techniques sont des techniques de reconstruction line´aire. D’autres types de
reconstructions peuvent eˆtre obtenues en conside´rant le proble`me ISM comme un
proble`me inverse.
1.4 Re´solution de proble`mes inverses par me´thodes
non line´aires
E´tant donne´ un signal x : Ω → R, avec card(Ω) = p, on observe y : Ω′ → R,
avec card(Ω′) = n. Formellement, on de´finit un proble`me inverse line´aire par
Hx = y, (1.6)
— y ∈ Cy ⊂ Rn les donne´es observe´es,
— H ∈Mp,n un ope´rateur line´aire connu,
— x ∈ Cx ⊂ Rp le vecteur inconnu que l’on cherche a` retrouver.
Les proble`mes inverses sont tre`s pre´sents autour de nous : par exemple en ge´ophysique
pour chercher l’origine d’un se´isme graˆce aux ondes e´mises lors de ce dernier, en
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chimie pour de´terminer des constantes de re´actions, en me´te´orologie pour pre´dire le
temps, etc. On rappelle qu’un proble`me inverse est bien pose´ au sens d’Hadamard si
la solution existe, est unique et de´pend continuˆment de la donne´e y [49] ; ce n’est, en
ge´ne´ral, pas le cas de la de´convolution ; en particulier, la solution n’est pas toujours
stable par rapport a` de le´ge`res perturbations du signal de de´part y.
Remarque. Dans (1.6), le proble`me est conside´re´ en une dimension ; dans cette
the`se on s’inte´resse plus particulie`rement aux images, en deux dimensions. Le pas-
sage d’une image x a` un vecteur e´quivalent se fait en concate´nant les lignes ou les
colonnes de l’image x. On notera parfois x ∈ RΩ, ou` RΩ repre´sente les fonctions de
Ω dans R, avec Ω = {0, . . . , px − 1} × {0, . . . , py − 1}, et card(Ω) = px × py = p ; les
notations Rp et RΩ sont alors e´quivalentes.
Dans le cas de la super-re´solution et des me´thodes a` balayage laser, le proble`me
inverse est le suivant : retrouver la distribution des marqueurs fluorescents place´s
sur le spe´cimen biologique a` partir d’images acquises en scannant l’e´chantillon (avec
e´ventuellement un faisceau projetant une distribution lumineuse particulie`re). Les
images d’entre´e y sont enregistre´es sur une came´ra dont les pixels forment ce que
l’on appelle la grille “sous-re´solue”, alors que l’image super-re´solue x est calcule´e sur
une grille plus fine, afin de pouvoir reconstruire des structures a` plus petite e´chelle.
Dans cette the`se, on conside`re uniquement une grille k fois plus fine que celle de
la came´ra, avec k ∈ N∗. L’ensemble Cx auquel appartient la solution est Cx = Rp+.
L’ope´rateurH, dans la de´finition du proble`me inverse (1.6), mode´lise toutes les e´tapes
permettant de passer de l’image x super-re´solue aux images scanne´es y, c’est-a`-dire
les Ix de la Formule (1.4) ; il doit mode´liser notamment la multiplication avec la
distribution de lumie`re projete´e par le faisceau laser, la convolution par la PSF et le
changement de re´solution.
Afin de tester les me´thodes propose´es sur un proble`me plus simple, on s’inte´resse
e´galement dans cette the`se au proble`me de de´convolution sous contrainte de posi-
tivite´, dans les chapitres 4 et 5. On rappelle donc la de´finition de la convolution.
L’ope´rateur H repre´sente dans ce cas le noyau de convolution uniquement, y est
une version convolue´e et bruite´e de x, l’image recherche´e. L’e´criture du proble`me
est cependant identique ; c’est pourquoi dans la suite (hormis sur la figure 1.14 ou`
l’on traite de la de´convolution), l’ope´rateur H peut repre´senter de la meˆme manie`re
l’ope´rateur de de´convolution ou de super-re´solution, sauf si pre´cise´ autrement.
Remarque. Le mode`le utilise´ dans cette the`se est le mode`le “complet”, c’est a` dire
que toutes les images mesure´es sont utilise´es et inte´gre´es dans le mode`le. D’autres
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techniques utilisent les images mesure´es pour, dans un premier temps, cre´er une
image de la zone comple`te scanne´e (image e´quivalente a` un syste`me conventionnel ou
confocal par exemple), puis cette image est de´convolue´e en utilisant des me´thodes de
de´convolution traditionnelles. En particulier, on peut noter l’utilisation de la me´thode
de Richardson-Lucy [77][95], qui date des anne´es 70 mais qui est tre`s utilise´e dans le
domaine de la microscopie, principalement car elle a e´te´ de´veloppe´e pour des images
bruite´es par bruit de Poisson. En 1990, Bertero l’utilise sur l’image d’un syste`me
confocal [13] avec la re´gularisation de Tikhonov, et plus re´cemment, en 2006, on
peut noter son utilisation avec la re´gularisation par variation totale dans [32].
En traitement d’image, les proble`mes inverses sont e´galement nombreux : le
de´bruitage, l’inpainting, l’estimation du flou de bouge´ etc. Dans cette the`se, on
s’inte´resse particulie`rement a` la de´convolution. Soit h un noyau de convolution (ge´ne´-
ralement positif et a` support limite´), la formulation continue de ce proble`me inverse
est donne´e sur Rd, avec d = 2 dans le cas des images, par
∀t ∈ Rd, y(t) =
∫
Rd
x(s)h(t− s)ds (1.7)
et sa formulation discre`te par
∀m ∈ Zd, y(m) =
∑
n∈Zd
x(n)h(m− n).
Un exemple d’image convolue´e avec un noyau gaussien est pre´sente´ sur la fi-
gure 1.13. L’effet de cette ope´ration est de flouter l’image. L’image convolue´e est
la somme ponde´re´e des noyaux recentre´s en chaque pixel de l’image originale, la
ponde´ration e´tant la valeur initiale du pixel. Les de´tails vraiment fins de l’image sont
donc perdus, comme la se´paration de certains filaments (en vert) ou de certaines billes
(en bleu). Dans cette configuration, le proble`me inverse est : e´tant donne´s l’image
floute´e et le noyau de flou, retrouver l’image originale. Dans le cas de la de´convolution,
la transforme´e de Fourier joue un roˆle tre`s important car le proble`me (1.7) peut
s’exprimer (en ge´rant correctement le calcul au bord du domaine de l’image) dans
l’espace de Fourier comme une simple multiplication. Puisque les noyaux (gaussiens
ou la taˆche d’Airy) sont des noyaux passe-bas, l’image convolue´e contient essentiel-
lement les basses fre´quences de l’image originale, ce qui explique le re´sultat cohe´rent
avec la figure 1.5.
Une approche tre`s utilise´e pour re´soudre un proble`me inverse de type (1.6), avec
H connu, consiste a` lui associer une e´nergie, que l’on cherche a` minimiser. Cette
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∗ =
(a) Image originale (b) Noyau (c) Image convolue´e
Figure 1.13: Illustration de la convolution : (a) image originale, repre´sentant des fibroblastes, (b)
noyau de convolution gaussien d’e´cart type σ = 3 (repre´sente´ avec des pixels plus gros pour plus de
visibilite´), (c) re´sultat de la convolution. On peut voir que la convolution a rendu l’image de de´part
floue ; en particulier on ne distingue plus toutes les se´parations, entre les filaments sur le canal vert
ou entre les billes sur le canal bleu.
Image de fibroblaste (l’image pre´sente´e est un extrait de l’image originale) par Jan Schmoranzer
pour l’Olympus BioScapes Digital Imaging Competition 2007, rendue disponible sur le site cellima-
gelibrary.org, licence CC BY-NC-ND 3.0.
e´nergie cherche a` e´valuer la diffe´rence entre les donne´es mesure´es y et le mode`le
applique´ a` l’image propose´e comme solution, Hx. Son expression est directement lie´e
au mode`le de bruit conside´re´ pour la mesure ; comme pre´cise´ avant, on s’inte´resse
plus particulie`rement, dans cette introduction, au bruit de Poisson.
1.4.1 Estimateur MAP sous contrainte de positivite´
En reprenant les notations de (1.6), on conside`re que la valeur de y au pixel i,
note´e yi, est la re´alisation d’une variable ale´atoire Yi de Poisson de parame`tre (Hx)i
(on a alors Cy = N
Ω′ , d’apre`s la de´finition de la loi de Poisson), c’est-a`-dire
∀i ∈ {1 . . . n}, P(Yi = yi|(Hx)i) = (Hx)
yi
i e
−(Hx)i
yi!
.
L’hypothe`se de bruit de Poisson induit une hypothe`se de positivite´ sur la donne´e a`
retrouver. Une me´thode assez usuelle, appele´e Maximum A Posteriori, MAP, consiste
a` chercher le signal (l’image en deux dimensions) le plus probable ayant engendre´ les
donne´es obtenues. L’estimateur MAP est alors donne´ par
argmax
x∈RΩ+
p(x|y),
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qui peut eˆtre calcule´ par la formule de Bayes,
xMAP = argmax
x∈RΩ+
p(x|y) = argmax
x∈RΩ+
p(x)
p(y)
p(y|x) (1.8)
En supposant l’inde´pendance de tous les Yi, on peut e´crire la log-vraisemblance
L(x) = log
(
n∏
i=1
P(Yi = yi|(Hx)i)
)
=
n∑
i=1
yi log((Hx)i)− (Hx)i − log(yi!), (1.9)
et on associe au proble`me l’e´nergie
Ey(x) =
∑
i
(Hx)i − yi log((Hx)i), (1.10)
(on e´limine le dernier terme log(yi!) qui ne de´pend pas de x). Il y a donc e´quivalence
entre le calcul de l’estimateur du Maximum a Posteriori et la re´solution d’un proble`me
variationnel, la minimisation de Ey :
xMAP = argmax
x∈RΩ+
p(x|y) = argmin
x∈RΩ+
Ey(x)
Un algorithme de gradient projete´, acce´le´re´ par Nesterov [87] et ame´liore´ par
Weiss [122], permet une convergence effective en pratique (contrairement a` beau-
coup d’autres algorithmes) tout en restant tre`s simple d’imple´mentation, puisqu’il
ne´cessite uniquement de connaˆıtre l’ope´rateur adjoint de H, H∗. Cependant, l’esti-
mateur MAP produit un artefact appele´ night sky par Bertero et al. dans [14] : toute
continuite´ est perdue dans le signal final, constitue´ de points isole´s. Cela est duˆ au
fait que lors de la de´convolution, l’estimateur cre´e des hautes fre´quences, qui, a` cause
de la contrainte de positivite´, deviennent, dans le domaine spatial, des oscillations
entre valeurs positives, plus e´leve´es que le signal de base, et nulles. Sur la figure 1.14,
ce phe´nome`ne de night sky est bien mis en e´vidence.
1.4.2 Algorithmes d’approximation du MAP
L’e´tude du night sky, pre´sente´e dans le chapitre 4, montre que cet artefact ap-
paraˆıt au cours des ite´rations, au fur et a` mesure de la convergence vers le minimum
exact de la fonctionnelle ; des de´formations progressives des structures continues sont
visibles avant que l’image ne soit compose que de sources totalement isole´es. Il est
inte´ressant de noter que l’utilisation d’un simple algorithme de gradient projete´, qui
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e´tait pendant longtemps la technique utilise´e pour re´soudre ce proble`me, a` nombre
d’ite´rations fixe´ (de manie`re a` obtenir un temps de calcul raisonnable) pre´sente tre`s
rarement cet effet de night sky, sauf si l’image est tre`s petite ou le nombre d’ite´rations
tre`s important. Cet algorithme est en fait beaucoup moins efficace pour minimiser
l’e´nergie que l’algorithme optimise´ de Nesterov, a` cause de la dimension e´leve´e du
proble`me (donne´e par le nombre de pixels de l’image), et ce manque d’efficacite´
a donc paradoxalement un effet positif. Ainsi, les algorithmes couramment utilise´s
be´ne´ficient aussi de leur relative inefficacite´ a` converger. Comme nous le montrons
dans le chapitre 4, seule l’utilisation d’un algorithme acce´le´re´ (de type Nesterov)
permet de mettre en e´vidence ce de´faut majeur de l’estimateur MAP.
Une me´thode non satisfaisante mathe´matiquement (car on ne sait pas de´crire
pre´cise´ment le re´sultat obtenu) consiste a` stopper les ite´rations au cours de l’al-
gorithme. Cela permet d’obtenir une image sans night sky mais avec les effets de
la de´convolution ; cependant, il faut trouver un crite`re d’arreˆt de l’algorithme pour
avoir une image convenable. L’algorithme de Richardson-Lucy par exemple, couram-
ment utilise´ en microscopie, est tre`s souvent stoppe´ apre`s une dizaine d’ite´rations,
car ensuite il est connu pour de´crire de plus en plus, au cours des ite´rations, le bruit
alte´rant l’image originale que l’image elle-meˆme. Dans le chapitre 4, on propose, dans
le cas du bruit additif Gaussien, un crite`re d’arreˆt qui soit cohe´rent avec les statis-
tiques de ce bruit.
De nos jours, les algorithmes d’approximation du MAP sont le plus souvent uti-
lise´s avec une re´gularisation, permettant d’ajouter une contrainte sur la solution, et
par la` meˆme, de limiter le night sky.
1.4.3 Re´gularisation
Dans ce cas, on minimise l’e´nergie Ey, mais en y ajouttant un terme, appele´ prior,
caracte´risant une proprie´te´ de l’image x a` retrouver. On pre´sente 2 priors assez connus
et utilise´s en microscopie, comme pre´cise´ avant, Tikhonov et la Variation Totale (TV
en anglais). On cherche alors a` re´soudre le proble`me suivant
argmin
x∈C
Ey(x) + λR(x),
le second terme R(x) e´tant le terme de re´gularisation, ponde´re´e par un parame`tre
λ > 0. Une re´gularisation de type Tikhonov [115] consiste a` prendre la fonction R(x)
e´gale a` la norme ℓ2 du vecteur recherche´
R(x) = ‖x‖2
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et la re´gularisation TV est donne´e par la formulation
R(x) = TV (x) =
∑
i∈Ω
‖∇x(i)‖,
ou` ∇ repre´sente l’ope´rateur discre´tise´ du gradient (approche´ ge´ne´ralement par un
sche´ma aux diffe´rences finies). La premie`re solution favorise les solutions de faible
norme ; en pre´sence de bruit de Poisson, l’algorithme est pre´sente´ dans [71] et com-
bine une me´thode de Newton et un gradient conjugue´ projete´ pour l’estimation du
minimum de la fonctionnelle. Quant a` la seconde, elle favorise les solutions constantes
par morceaux comme cela peut eˆtre vu sur la figure 1.14, dernie`re ligne. Plus λ est
grand, plus les zones lisses sont e´tendues. La recherche du minimum se fait graˆce a`
l’algorithme de Chambolle-Pock [24]. La variation totale a e´te´ introduite en 1992 par
Rudin, Osher et Fatemi dans [96] dans le cadre du de´bruitage et est un a priori tre`s
utilise´ depuis en traitement d’images. C’est une me´thode tre`s efficace pour de´bruiter
les images dites “cartoon” c’est-a`-dire contenant des zones tre`s lisses se´pare´es par des
frontie`res re´gulie`res. Sur les images re´elles, par contre, on voit souvent apparaˆıtre un
artefact appele´ staircasing, remarque´ par Dobson et Santosa en 1996 [33] et de´crit
notamment dans [21] par Buades, Coll et Morel comme la “cre´ation de re´gions uni-
formes se´pare´es par des bords artificiels”, le plus souvent les transitions d’intensite´
se font sous forme de marches d’escalier, meˆme dans les zones initialement lisses.
La figure 1.14 re´unit des re´sultats obtenus sur une image convolue´e avec un noyau
Gaussien et perturbe´e par du bruit de Poisson. Une image biologique a e´te´ utilise´e.
Comme pre´cise´ pre´ce´demment, le MAP pre´sente l’artefact de night sky : l’image est
constitue´e de points isole´s, et l’on observe que les structures continues ont e´te´ per-
dues. Les deux re´gularisations sont pre´sente´es avec 3 ponde´rations λ diffe´rentes, afin
de mesurer l’influence de son parame`tre. Dans le cas de la re´gularisation Tikhonov,
une valeur tre`s faible de´double les structures et cre´e certaines valeurs ponctuelles
dans le fond, initialement noir. Une valeur trop grande donne un aspect encore flou
a` l’image et augmente sa dynamique. Pour la re´gularisation TV, pour un faible λ on
remarque l’apparition du night sky alors qu’une grande valeur donne un effet “car-
toon” a` l’image, constitue´e alors de zones constantes par morceaux.
Meˆme si les re´sultats sont plutoˆt inte´ressants, la re´gularisation est assez peu
satisfaisante dans le cas des images produites par un microscope a` fluorescence ; la
re´gularisation de Tikhonov alte`re les intensite´s initiales et l’hypothe`se de donne´es
constantes par morceaux n’est pas tout a` fait cohe´rente avec la microscopie, du fait
que les e´le´ments biologiques visualise´s peuvent eˆtre tre`s diversifie´s (certains constants,
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Image originale Image floute´e/bruite´e MAP non re´gularise´
Tikhonov, λ = 10−4 Tikhonov, λ = 0.05 Tikhonov, λ = 10
TV, λ = 5× 10−10 TV, λ = 5× 10−5 TV, λ = 0.5
Figure 1.14: Comparaison des me´thodes de de´convolution en pre´sence de bruit de Poisson ; sur
la premie`re ligne, l’image originale, a` gauche sa convolution avec un noyau Gaussien de de´viation
standard 2 avec un bruit de Poisson ge´ne´re´ sur chaque pixel. L’estimateur MAP obtenu avec un
algorithme de type Nesterov, arrive´ a` convergence, est pre´sente´ a` droite. Sur la deuxie`me ligne, l’es-
timateur MAP avec re´gularisation de Tikhonov pour 3 valeurs de λ est pre´sente´ et sur la troisie`me,
l’estimateur MAP avec re´gularisation TV pour 3 valeurs de λ. L’estimateur MAP non re´gularise´
pre´sente un artefact appele´ night sky : l’image finale est essentiellement constitue´e de points isole´s.
La re´gularisation Tikhonov cre´e une image de contraste diffe´rent de celle de de´part ; une valeur de
λ trop faible entraˆıne une re´pe´tition des contours, avec des valeurs dans le fond parfois ale´atoires ;
une trop grande valeur cre´e une image assez floue. λ = 0.05 donne des re´sultats assez inte´ressants
sur cet e´chantillon, recre´ant parfaitement la structure en haut a` droite sous la cellule qui avait
quasiment disparu dans l’image convolue´e et bruite´e. La variation totale cre´e une image constante
par morceaux ; plus λ est grand, plus les zones lisses sont e´tendues, comme on peut le voir pour
λ = 0.5 ; une trop faible valeur fait apparaˆıtre un artefact assez proche du night sky, et une valeur
interme´diaire offre des re´sultats inte´ressants : l’image est un peu de´convolue´e, et le contraste mieux
conserve´ qu’avec la re´gularisation de Tikhonov.
Image de cellules de veines ombilicales humaines (HUVEC) par Ana M. Pasapera - Clare M. Wa-
terman disponible sur cellimagelibrary.org.
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d’autres tre`s ponctuels). De plus, la variation totale est connue pour ne pas toujours
reconstruire correctement la texture dans les images, car cette dernie`re peut eˆtre
conside´re´e comme du bruit (selon la valeur de λ). Pour limiter le night sky dans le
cas de la super-re´solution, on a ajoute´ une contrainte sur l’image recherche´e : elle doit
eˆtre a` bande limite´e ; plus exactement son support doit eˆtre choisi tel que sa fre´quence
maximale soit e´gale a` kfmax avec k ∈ N∗. L’estimateur de l’image super-re´solue xSRMAP
est alors donne´ par
xSRMAP = argmax
x∈K
p(x|y) = argmin
x∈K
(Hx)i − yi log((Hx)i), (1.11)
avec
K = {x ∣∣x ∈ RΩ, supp(xˆ) ∈ B(0, kfmax)} .
L’estimateur MAP est aujourd’hui tre`s majoritairement utilise´ car le proble`me se
rame`ne a` une minimisation d’e´nergie, dont l’estimation peut se faire assez rapide-
ment, graˆce aux algorithmes d’optimisation de´veloppe´s spe´cifiquement pour ce calcul.
Cette solution n’est cependant pas entie`rement satisfaisante, en particulier car la dis-
tribution du MAP est connue pour ne pas eˆtre repre´sentative de la loi a posteriori
[88]. Cela signifie que les images tire´es ale´atoirement selon une distribution de pro-
babilite´ en tre`s grande dimension n’ont souvent pas la proprie´te´ de maximiser la
densite´ a posteriori.
On peut noter que l’estimateur MAP peut aussi eˆtre vu comme le minimum d’une
fonction de risque
xMAP = argmin
x∈RΩ
R(x) avec R(x) =
∫
RΩ
L(x, x′)p(x′|y)dx′,
pour la fonction de perte L donne´e par
L(x, x′) =
{
0 si x = x′
1 sinon
.
Cette e´criture sous forme de minimisation de fonction de risque permet alors de
cre´er de nombreux autres estimateurs, par des choix varie´s pour la fonction de perte
L [97]. Depuis 1989, avec Besag [16] par exemple, une autre fonction de perte, L′,
dite quadratique, est particulie`rement utilise´e en traitement d’images, et de´finie par
L′(x, x′) = ‖x− x′‖22. La fonction de risque R′ associe´e est donc e´gale a`
R′(x) =
∫
RΩ
‖x′ − x‖22 p(x′|y)dx′,
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dont le minimum xLSE, LSE pour Least-Square Error, est donne´ par l’espe´rance de
la loi a posteriori
xLSE = argmin
x∈RΩ
R′(x) =
∫
RΩ
p(x′|y)x′dx′ = E(x′|y). (1.12)
Cet estimateur est souvent appele´ MMSE, pour MinimumMean Square Error. Il a e´te´
montre´ que, dans le cas d’images binaires [42], l’estimateur LSE est plus repre´sentatif
de la loi a posteriori que le MAP. Dans le cas de la de´convolution simple avec un
noyau connu, pour un a priori gaussien, l’estimateur LSE est explicite et en fait
e´quivalent a` l’application du filtre de Wiener sur les mesures. Une ge´ne´ralisation a`
un syste`me multi-image peut-eˆtre faite, de´crite par exemple par Huang [60] dans le
cas d’image ultrasons. Dans la suite, on s’inte´resse a` un estimateur proche du LSE,
que l’on reformule diffe´remment pour y inte´grer une contrainte de parcimonie. En
utilisant la fonction de perte L′ plutoˆt que L pour ce proble`me inverse, on espe`re
eˆtre capable de mieux repre´senter la densite´ a posteriori, et plus pre´cise´ment e´viter
le night sky.
1.4.4 E-LSE : un nouvel estimateur parcimonieux pour les
proble`mes inverses
Dans [75], Louchet propose d’utiliser l’estimateur LSE, defini par (1.12) comme al-
ternative au MAP dans le cas du de´bruitage Gaussien (c’est-a`-dire y ∼ N (x, σ2IdΩ),
σ fixe´) avec re´gularisation TV. L’estimateur peut eˆtre adapte´ au cas ou` l’image est
de´teriore´e par du bruit de Poisson [2] et au proble`me de la de´convolution, donnant
xLSE =
∫
RΩ
p(x|y)xdx =
∫
RΩ
e−Ey(x)xdx∫
RΩ
e−Ey(x)dx
, (1.13)
ou` Ey est la fonction e´nergie de´finie en (1.10). En de´bruitage avec re´gularisation TV,
l’estimateur MAP pre´sente, comme mentionne´ ci-avant, un artefact de staircasing.
Le calcul de l’estimateur LSE permet d’effacer cet artefact sur le re´sultat [75]. Cette
constatation nous motive donc a` de´velopper l’estimateur LSE pour le proble`me de
la de´convolution.
Cependant, comme pre´cise´ auparavant, on souhaite inte´grer l’hypothe`se de parci-
monie dans l’image recherche´e ; c’est pourquoi on propose un mode`le plus adapte´ aux
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images parcimonieuses, l’estimateur E-LSE, pour Emitters-Least-Square Error. D’un
point de vue mathe´matique, la diffe´rence entre l’estimateur LSE et cet estimateur
re´side dans le domaine d’inte´gration : pour le LSE, il s’agit de RΩ, pour le E-LSE,
il s’agit d’un espace plus restreint, dans lequel les images peuvent s’e´crire comme la
somme ponde´re´e de distributions de Dirac. L’estimateur E-LSE s’e´crit alors
xˆE−LSE =
∫
C
e−Ey(x)xdx∫
C
e−Ey(x)dx
avec C =
{
x ∈ RΩ
∣∣∣∣∣x =
Ne∑
e=1
λeδpe , λe ∈ R+, pe ∈ Ω
}
.
(1.14)
L’ajout de cette contrainte a cependant un impact algorithmique tre`s important
et l’algorithme utilise´ pour l’estimation du E-LSE diffe`re tre`s sensiblement de ce-
lui du LSE. L’estimateur E-LSE, mais e´galement le LSE, calculent une inte´grale en
tre`s grande dimension et ne´cessitent donc l’utilisation d’outils adapte´s ; on a choisi
les me´thodes MCMC, me´thode de Monte-Carlo par Chaˆınes de Markov, avec un al-
gorithme de Metropolis-Hastings [51] [80]. Dans le cas du LSE, on rappelle qu’une
chaˆıne repre´sente l’image, dont la valeur des pixels e´volue au cours des ite´rations, et la
moyenne des e´tats successifs est utilise´ comme estimateur LSE. Dans le cas du E-LSE,
une chaˆınes repre´sente une population de Ne e´metteurs (Ne fixe´ par l’utilisateur). Ces
e´metteurs sont caracte´rise´s par leurs intensite´s et par leurs positions, de´finies sur la
grille de pixels de l’image re´sultat, Ω. A chaque ite´ration, une proposition de nouvel
e´tat est conside´re´e ; ce nouvel e´tat se caracte´rise par un changement de position et/ou
d’intensite´ d’un seul des e´metteurs, choisi uniforme´ment parmi l’un des Ne. Cette
proposition respecte la contrainte de positivite´ sur l’intensite´ de l’e´metteur et l’ap-
partenance a` Ω et est accepte´e ou refuse´e selon le crite`re de Metropolis Hastings : si
l’e´nergie de´croˆıt, elle est accepte´e d’office ; sinon la probabilite´ d’acceptation s’e´crit
comme une fonction (de´croissante) de la diffe´rence d’e´nergie entre les deux e´tats,
de manie`re a` ce qu’un changement augmentant fortement l’e´nergie ait tre`s peu de
chances de se produire.
L’image produite par une chaˆıne s’e´crit comme la somme ponde´re´e de distribu-
tions de Dirac aux positions des e´metteurs, les poids e´tant donne´s par l’intensite´ des
e´metteurs. Les the´ore`mes d’approximation d’inte´grales stipulent que l’inte´grale (1.14)
peut eˆtre approxime´e par la moyenne (calcule´e a` partir d’un nombre infini d’e´tats)
des images successives produites par une seule chaˆıne. Cependant, plusieurs ajuste-
ments sont faits dans le cas de l’estimateur E-LSE, inspire´s par [75] et lie´s au mode`le.
Concernant les e´tats conserve´s dans le calcul de la moyenne, deux e´tats conse´cutifs
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de la chaˆıne diffe´rent au maximum d’un e´metteur, on de´cide donc qu’entre deux e´tats
moyenne´s, Ne propositions d’e´tats ont e´te´ effectue´es par l’algorithme de Metropolis-
Hastings. Pour e´viter que l’initialisation n’influence trop le re´sultat, on n’utilise pas
les premiers e´tats de la chaˆıne dans la chaˆıne, mais seulement ceux obtenus a` partir
d’un certain rang, choisi de manie`re a` ce que le re´gime stationnaire soit plus ou moins
atteint. Un moyen de controˆler la convergence de l’estimateur LSE est d’utiliser deux
chaˆınes, et de s’arreˆter lorsque les estimateurs donne´s par ces deux chaˆınes sont “assez
proches”. Pour le E-LSE la de´marche est un peu diffe´rente car l’ensemble C n’est pas
convexe (contrairement a` l’espace RΩ) ; la convergence est plus de´licate et certaines
chaˆınes peuvent rester bloque´es dans une certaine configuration d’e´metteurs corres-
pondant a` un minimum local de l’e´nergie (voir la Figure 1.15, montrant le re´sultat
d’une chaˆıne). C’est pourquoi nous avons de´cider d’utiliser un nombre important de
chaˆınes dans le calcul de la moyenne, afin de conside´rer les diffe´rentes configurations
d’e´metteurs. Le E-LSE posse`de un parame`tre supple´mentaire par rapport au LSE,
il s’agit du nombre d’e´metteurs Ne. Les images e´tudie´es e´tant conside´re´es parcimo-
nieuses, on veut que Ne ≪ |Ω|, mais ce nombre doit eˆtre suffisant pour repre´senter
tous les e´le´ments constituant l’image en moyennant les diffe´rentes chaˆınes. En parti-
culier, si Ne est trop petit, certaines se´parations ou certains e´le´ments moins intenses
peuvent disparaˆıtre de l’image re´sultat.
L’image re´sultat obtenue est la moyenne de diffe´rentes images appartenant a`
l’ensemble C. Puisque ces images ne sont ni naturelles (elles ne peuvent eˆtre produites
par un appareil optique, tel qu’un microscope), ni interpolables, un post-traitement
de convolution est effectue´. Ce dernier permet de simuler l’image e´quivalente qui
pourrait eˆtre the´oriquement obtenue avec un microscope de tre`s grande re´solution
(irre´alisable en pratique a` cause des contraintes physiques d’ouverture nume´rique et
de longueurs d’ondes du spectre visible). Le noyau doit eˆtre choisi de manie`re a` ne
pas trop de´grader l’effet de la de´convolution ; le re´sultat de l’estimateur pre´sente´ sur
la figure 1.15, cre´e´e en moyennant les re´sultats de 2500 chaˆınes a e´te´ post-traite´ par
une gaussienne de faible e´cart type. Dans les chapitres 5 et 6, on revient sur le choix
de ce noyau dans le cas de la de´convolution et de la super-re´solution.
Dans le cas de la de´convolution, l’estimateur E-LSE (tout comme le LSE) n’e´limine
pas l’effet de night-sky ; de nombreuses chaˆınes moyenne´es contiennent cet artefact.
La mise en place d’un estimateur utilisant non plus Ey mais λEy (dans le terme
exponentiel de la formule (1.13)) a permis d’effacer cet artefact mais les re´sultats ne
sont pas vraiment meilleurs que les re´sultats d’un estimateur MAP non converge´.
En super-re´solution l’estimateur E-LSE, sans ponde´ration de l’e´nergie, fournit des
re´sultats vraiment inte´ressants (comme pre´sente´ sur la figure 1.15, pas de night sky
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(b) E-LSE - Exemple de (c) Estimateur E-LSE
chaˆıne finale (2500 chaines)
(a) Syste`me conventionnel
(Image zoome´e) (d) LSE - Exemple de (e) Estimateur LSE
chaˆıne finale (2 chaines)
Figure 1.15: Calcul du E-LSE : sur une image de filaments, acquise par le syste`me BioAxial, on
pre´sente l’image d’un syste`me conventionnel en (a) (somme de toutes les images replace´es ou` elles
ont e´te´ acquises), zoome´e (par zero-padding) pour atteindre la meˆme re´solution que celle des chaˆınes
repre´sente´es, puis les re´sultats obtenus lors de l’algorithme E-LSE. En (b) est repre´sente´ le re´sultat
final d’une des chaˆınes (avec saturation des couleurs, afin de rendre plus visibles les e´metteurs) ; la
plupart des chaˆınes obtenues ressemblent a` celle repre´sente´e en (b), avec des positions et intensite´s
diffe´rentes pour les e´metteurs. En (c), le re´sultat de l’estimateur E-LSE est obtenu en moyennant les
re´sultats de 2500 chaˆınes, convolue´ avec une gaussienne de faible e´cart-type. On peut remarquer que
chaque chaˆıne individuellement n’est pas repre´sentative du signal complet mais que leur moyenne
permet de cre´er une image bien mieux re´solue que l’image obtenue graˆce a` un syste`me conventionnel.
Au contraire, dans le cas du LSE, une chaˆıne finale, comme celle repre´sente´e en (d), est tre`s proche
du re´sultat final (e), puisque tous les pixels de l’image sont modifie´s au cours de l’algorithme MCMC,
permettant de n’utiliser que 2 chaˆınes.
sur la reconstruction finale), l’image produite posse`de beaucoup moins d’artefacts et
dans certains cas pre´sente un meilleur pouvoir de se´paration que l’estimateur MAP.
On revient sur ces re´sultats dans la section suivante.
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1.5 Applications au syste`me Bioaxial
Avant de pre´senter les re´sultats en microscopie, on pre´sente les illuminations,
c’est-a`-dire les Ds dans l’e´quation (1.4), qui correspondent a` la forme du faisceau
laser projete´e sur l’e´chantillon. Dans l’expression de la transforme´e de Fourier, (1.5),
on voit que ces illuminations doivent eˆtre choisies intelligemment, puisque que les
valeurs de leurs transforme´es de Fourier ponde`rent les valeurs de la transforme´e de
Fourier de l’image recherche´e. Le syste`me de super-re´solution sur lequel s’appuient les
expe´riences de cette the`se, dans le chapitre 6, est celui commercialise´ par l’entreprise
BioAxial qui utilise des illuminations dites singulie`res ; on pre´sente comment celles-ci
sont cre´e´es, leurs avantages et certains re´sultats obtenus avec leur utilisation.
1.5.1 Illuminations singulie`res par diffraction conique
La diffraction conique est un phe´nome`ne de´crit par Michael Berry dans [10] en
2004, d’apre`s une e´tude the´orique de Hamilton [50] et des expe´riences de LLoyd [74]
dans les anne´es 1830. Elle caracte´rise la propagation d’un faisceau de lumie`re dans
un cristal dit biaxe (voir [11] pour une de´finition et les proprie´te´s de ce cristal), modi-
fiant en particulier la polarisation et la re´partition de l’e´nergie du faisceau lumineux.
Cette reprise du phe´nome`ne par Berry a e´te´ un tremplin a` de nombreuses appli-
cations de la diffraction conique. Dans [116], Turpin et al. e´voquent son utilite´ par
exemple dans les communications optiques, la cre´ation de meilleurs polarime`tres et
de nouveaux lasers. L’application qui nous inte´resse particulie`rement a e´te´ propose´e
par Gabriel Sirat dans [108] et mise en application pour la super-re´solution dans [22].
On de´crit brie`vement le mode`le mathe´matique associe´, ne´cessaire a` la cre´ation
d’un algorithme ge´ne´rant des distributions lumineuses cre´e´es par ce phe´nome`ne. On
suppose que la lumie`re se propage dans le cristal selon un coˆne, dont R0 est le
rayon a` la sortie du cristal. Dans le cas ou` le rayon incident est a` syme´trie circu-
laire, Berry prouve [10] que l’e´criture exacte du champ e´lectrique est donne´e, en
utilisant les coordonne´es polaires, R = R
(
cos (θ) sin (θ)
)
, et le vecteur d’onde
P = P
(
cos (θP ) sin (θP )
)
, par
E(R, z) = B0(R,R0, z)
(
Vx
Vy
)
+B1(R,R0, z)
(
cos (θP ) sin (θP )
sin (θP ) − cos (θP )
)
︸ ︷︷ ︸
M
(
Vx
Vy
)
, (1.15)
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avec
B0(r, R0, z) = k
∫ ∞
0
P cos(kR0P )a(P )J0(kPR)e
− ikP2z
2 dP,
B1(r, R0, z) = k
∫ ∞
0
P sin(kR0P )a(P )J1(kPR)e
− ikP2z
2 dP,
ou` J0 et J1 sont les fonctions de Bessel de premie`re espe`ce, d’ordre 0 et 1, a(P ) est
la transforme´e de Fourier du champ e´lectrique du rayon lumineux entrant dans la
pupille, k ∈ R est une caracte´ristique du cristal. (Vx Vy)T repre´sente la polarisation
de l’onde lumineuse en entre´e, la polarisation de´crivant l’orientation des oscillations
de l’onde.
L’e´quation (1.15) nous montre que la premie`re composante, B0, posse`de a` la sor-
tie la meˆme polarisation que celle d’entre´e. Il s’agit de la composante correspondant
au “Fondamental”, pre´sente´e a` gauche sur la figure 1.16. A contrario, la polarisation
de la deuxie`me composante, B1, appele´e “Vortex”, au milieu sur la figure 1.16, est
modifie´e par la matrice M .
Composante
fondamentale
Composante
vortex Profils verticaux
Figure 1.16: Repre´sentation de la composante “Fondamental” (B0) a` gauche, de la composante
“Vortex” (B1) au milieu et comparaison de leurs profils horizontaux a` droite. Le fondamental est
tre`s similaire a` la tache d’Airy (figure 1.4) alors que le Vortex est assez atypique, contenant un trou
au milieu. On peut remarquer que la distance entre les deux pics du Vortex est plus petite que la
distance entre les deux ze´ros qui de´limitent le lobe principal du fondamental, permettant donc a
priori une de´tection d’objets plus petits.
Il est possible, graˆce a` cette diffe´rence de polarisation entre les deux compo-
santes, de les se´parer mais aussi de les mixer, de diffe´rentes manie`res, de´pendant de(
Vx Vy
)T
et de M , cre´ant des distributions lumineuses tre`s diffe´rentes ; on parle de
modelage de faisceau. Sur la figure 1.17 sont repre´sente´es les distributions obtenues
graˆce a` diffe´rentes polarisations en entre´e et en sortie ; cette liste n’est pas exhaustive.
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Remarque. On peut remarquer que la forme d’anneau utilise´e pour le faisceau de
de´ple´tion du STED (figure 1.6) pourrait eˆtre obtenue graˆce a` la diffraction conique,
en utilisant une polarisation de sortie, par exemple, laissant passer uniquement la
composante Vortex, dont la forme est tre`s similaire a` celle du faisceau STED.
Figure 1.17: Exemples de distributions lumineuses obtenues par la diffraction conique ; ces
dernie`res sont ge´ne´re´es en changeant les polarisations d’entre´e et de sortie du faisceau laser. On
remarque que les deux premie`res images, en haut a` gauche, correspondent aux composantes Fon-
damentale et Vortex. On peut voir e´galement que de nombreuses formes sont similaires a` une
rotation pre`s ; on peut en effet les produire avec n’importe quel angle d’inclinaison, en choisissant
les polarisations correspondantes.
Dans le syste`me Bioaxial [22], qui est celui utilise´ pour les donne´es re´elles et
simule´es sur des images d’e´chantillon biologique (obtenues avec un microscope a`
fluorescence par exemple), plusieurs demi-lunes, avec des orientations diffe´rentes, sont
projete´es sur l’e´chantillon au cours de l’acquisition. Il s’agit de celles repre´sente´es sur
la figure 1.18, constitue´es de deux lobes et syme´triques. Il est clair que, spatialement,
le creux entre les deux lobes est inte´ressant car ne renverra, en the´orie, aucun photon
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sur un fond noir ; dans le domaine de Fourier, les coefficients des fre´quences en-
dessous mais proches de fmax ont des valeurs plus e´leve´es que la tache d’Airy, qui
peuvent permettre de mieux capturer les composantes fre´quentielles de cette zone,
comme le montre le profil sur la figure 1.19. De plus il a e´te´ montre´, par exemple par
Soskin [111], que le ze´ro du vortex, et donc des demi-lunes (qui utilisent le ze´ro de
la composante vortex puisqu’elles sont obtenues par la formule (1.15)), est stable :
meˆme dans des conditions non optimales (e´le´ment optique imparfait, changements
de tempe´rature par exemple), la forme singulie`re du vortex est conserve´e.
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Figure 1.18: Repre´sentation, dans le domaine spatial sur la premie`re ligne et dans celui de Fourier
sur la deuxie`me (repre´sentation du module), des quatre demi-lunes (dont les orientations sont
{0, pi/2, pi/4,−pi/4}), ge´ne´re´es par un modelage du faisceau laser et utilise´es par le syste`me BioAxial.
On peut voir que la repre´sentation dans le domaine de Fourier est assez atypique avec deux lobes
autour du centre, oriente´s dans la meˆme direction que la demi-lune. Le nombre de demi-lunes et
leurs angles ont e´te´ choisis dans le syste`me Bioaxial de manie`re a` bien couvrir le domaine de Fourier
en les sommant. Sur la figure 1.19, une comparaison de profil avec la tache d’Airy est pre´sente´e.
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Domaine spatial Domaine fre´quentiel
Figure 1.19: Comparaison des profils horizontaux de la tache d’Airy et de la deuxie`me demi-lune
de la figure 1.18 dans les domaines spatial et fre´quentiel. La repre´sentation spatiale permet de
voir que, a` une meˆme re´solution, la distribution est plus grosse que la tache d’Airy, mais son ze´ro
particulier au centre permet de de´tecter une absence de fluorophore. Leur repre´sentation dans le
domaine de Fourier montre que les images sont toutes deux a` bande limite´e, de fre´quence maximale
fmax ; les demi-lunes pre´sentent cependant des coefficients fre´quentiels d’e´nergie plus e´leve´e autour
de fmax. D’apre`s la Formule (1.5), on peut donc espe´rer capturer les composantes fre´quentielles de
l’e´chantillon entre fmax et 2fmax plus pre´cise´ment.
1.5.2 Estimateurs MAP et E-LSE pour le syste`me BioAxial
Les deux mode`les de la section pre´ce´dente ont e´te´ adapte´s a` la super-re´solution
pour un syste`me ISM, l’estimateur MAP e´tant celui donne´ par (1.11)
xSRMAP = argmin
x∈RΩ+
supp(xˆ)∈B(0,kfmax)
∑
i<|Ω′|
(Hx)i − yi log((Hx)i)
et l’estimateur E-LSE
xE−LSE =
∫
C
e−Ey(x)xdx∫
C
e−Ey(x)dx
avec C =
{
x ∈ RΩ
∣∣∣∣∣x =
Ne∑
e=1
λeδpe , λe ∈ R+, pe ∈ Ω
}
,
c’est-a`-dire que l’image super-re´solue est suppose´e appartenir a` C, s’e´crivant donc
comme x =
∑
e λeδpe .
Les yi repre´sentent, dans le cas d’une me´thode ISM, les images obtenues a` chaque
point de scan avec potentiellement une illumination particulie`re, cre´e´e par exemple
par modelage de faisceau. Ces images sont mesure´es sur une came´ra, et ne contiennent,
en the´orie, pas de structures de taille plus petite que d de´finie dans (1.1). L’en-
semble de de´finition Ω′ est alors de taille n × m × S ou` n et m sont le nombre de
pixels constituant l’image dans chaque direction et S est le nombre de positions de
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scan. L’ope´rateur H mode´lise les diffe´rentes e´tapes permettant, a` partir d’une image
discre`te, ici x, super-re´solue, c’est-a`-dire repre´sente´e sur une grille plus fine que les
images mesure´es, de calculer les S images correspondant aux meˆmes parame`tres que
chacune des images mesure´es constituant yi (meˆme taille n×m, meˆme illumination
projete´e, meˆme position laser).
L’algorithme de Nesterov pour calculer l’estimateur MAP est aujourd’hui l’algo-
rithme de reconstruction imple´mente´ sur le syste`me BioAxial [22] et a e´te´ utilise´ pour
des e´tudes de phe´nome`nes biologiques dans [43][93][91]. Son imple´mentation en code
C calcule 50 ite´rations sur une zone 10µm×10µm en environ 30 secondes. Comme
dans le cas du MAP en de´convolution sous contrainte de positivite´, le calcul du
gradient de l’e´nergie ne´cessite uniquement le calcul de la transpose´e de l’ope´rateur
H, obtenu en transposant chacune des ope´rations le constituant. Dans le cas de
la de´convolution, la projection sur l’ensemble des images positives correspondait a`
un simple seuillage. Dans le cas de la super-re´solution, comme pre´cise´ par la for-
mulation de xSRMAP , la projection est effectue´e sur l’ensemble des images positives
(x ∈ RΩ+) et a` bande limite´e (x|supp(x̂) ∈ B(0, kfmax)) (afin d’e´viter le night sky en
particulier). Le chapitre 6 pre´sente la me´thode Dual Backward, choisie apre`s e´tude de
plusieurs me´thodes propose´es par Combettes et al. [28] ; le sche´ma propose´ converge
assure´ment vers la projection si la solution existe. Sur la figure 1.20, on pre´sente les
re´sultats de cet algorithme sur des chromatides, dont la se´paration entre les deux
brins est de l’ordre d’une centaine de nanome`tres. Cette se´paration est invisible sans
super-re´solution (car plus petit que le pouvoir de re´solution de´fini en (1.1)), comme
cela peut eˆtre remarque´ sur l’image d’un syste`me conventionnel, pre´sente´ en compa-
raison.
Pour l’estimateur E-LSE, le principe est le meˆme que celui pre´sente´ ci-avant, la
seule diffe´rence e´tant que les positions pour les e´metteurs sont choisies sur les pixels
de la grille sur-re´solue. Chaque chaˆıne x e´tant un e´le´ment de C, l’e´criture de l’e´nergie
peut eˆtre simplifie´e, donnant
∀x =
Ne∑
e=1
λeδpe , Ey(x) =
∑
i∈|Ω′|
Ne∑
e=1
(Hλeδpe)i +B − yi log
(
Ne∑
e=1
(Hλeδpe)i +B
)
,
ou` la constante B est un terme mode´lisant le fond constant dans chaque micro-
image, ajoute´ en particulier pour que le terme dans le logarithme ne s’annule pas. La
proposition d’un nouvel e´tat modifiant uniquement un e´metteur f (position et/ou
intensite´), la formulation de l’e´nergie nous prouve qu’il suffit de calculer l’ope´rateur
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(a) Syste`me conventionnel (b) Syste`me BioAxial (c) Richardson-Lucy
(Estimateur MAP)
Figure 1.20: Syste`me Bioaxial avec estimateur MAP : en (a) l’image produite par un syste`me
conventionnel, c’est a` dire en sommant les images a` l’endroit ou` elles ont e´te´ enregistre´es sur la
came´ra en (b) l’image produite par le syste`me BioAxial graˆce a` l’estimateur MAP sous contrainte
de positivite´ et de transforme´e de Fourier borne´e. L’image (a) est par de´finition limite´e par la
diffraction ; on peut remarquer que le syste`me BioAxial a re´ussi a` de´passer cette limite de diffraction,
puisque des se´parations non visibles en (a) sont apparues. En effet la distance entre les deux brins de
la chromatide (≃ 100 nm) est plus petite que le pouvoir de re´solution selon Abbe (1.1) (≃ 200 nm).
En (c), on pre´sente une comparaison avec l’algorithme de Richardson-Lucy, qui effectue une simple
de´convolution sur l’image (a) a` partir de la PSF calibre´e du syste`me ; le nombre d’ite´rations a e´te´
choisi manuellement, pour repre´senter l’image avec le meilleur effet de de´convolution, mais avant
l’apparition du night sky. Sans aucun doute, l’utilisation de l’ope´rateur H avec toutes les micro-
images apporte plus d’information et donc de re´solution dans l’image finale.
H applique´ a` la contribution de cet e´metteur dans x, c’est-a`-dire λfδpf , pour e´valuer
sa contribution dans l’e´nergie. Les de´tails complets d’imple´mentation sont pre´sente´s
dans le chapitre 6. Afin d’acce´le´rer la convergence, les positions initiales des e´metteurs
sont tire´es ale´atoirement selon la distribution de probabilite´ de l’image (normalise´e)
correspondant au syste`me conventionnel ; ainsi la grande majorite´ des positions ini-
tiales des e´metteurs correspond a` une zone contenant du signal.
Bien e´videmment, pour obtenir des re´sultats performants avec un syste`me tel
que le syste`me Bioaxial, avec l’un ou l’autre des estimateurs, plusieurs calibrations
pre´alables sont indispensables. La premie`re concerne les positions lasers ; ces dernie`res
doivent pouvoir eˆtre estime´es pre´cise´ment (quasiment au nanome`tre pre`s) afin que
l’estimation de l’impact laser soit la plus juste possible. Ge´ne´ralement, le balayage
se fait au moyen de miroirs galvanome´triques controˆle´s e´lectriquement par des chan-
gements de voltages. Il faut donc connaˆıtre pre´cise´ment, par une relation affine ou
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plus complexe, l’e´quivalence entre ces voltages envoye´s aux miroirs et le point d’im-
pact sur la came´ra. Une autre information tre`s importante a` connaˆıtre est la forme
exacte des illuminations projete´es sur l’e´chantillon biologique. En effet, bien que les
illuminations, les demi-lunes ici, soient assez proches visuellement de celles cre´e´es
graˆce aux e´quations pre´sente´es ci-avant, utiliser leurs de´finitions the´oriques n’est pas
vraiment satisfaisant, car pas assez pre´cis. Sur la figure 1.21, on pre´sente une compa-
raison entre une demi-lune re´elle et une the´orique, les formes sont tre`s proches, mais
on peut voir que les deux lobes peuvent avoir une intensite´ diffe´rente et que la forme
n’est pas tout a` fait syme´trique ; parfois l’angle n’est pas exactement celui souhaite´
(en particulier pour les demi-lunes a` 45°) etc. Cette calibration peut eˆtre effectue´e,
par exemple, en de´convoluant les illuminations obtenues a` partir d’un e´chantillon de
billes de rayon plus petit que la limite d’Abbe d de´finie par (1.1). Elle peut e´galement
permettre de de´finir la PSF re´elle du syste`me.
(a) Demi-lune
the´orique
(b) Demi-lune
obtenue
(c) Cross-section sur les lobes des deux
demi-lunes
en pratique
Figure 1.21: Comparaison entre une demi-lune the´orique et une demi-lune obtenue par calibration.
On peut remarquer visuellement que les formes sont assez proches, mais la syme´trie de la demi-lune
calibre´e n’est pas parfaite (contrairement a` l’illumination the´orique), ses lobes sont un peu plus
alonge´s. C’est pourquoi il est important d’utiliser les illuminations re´elles (et non les the´oriques)
dans le calcul de l’ope´rateur H, mode´lisant les ope´rations composant une acquisition obtenue par un
microscope a` balayage laser, afin d’utiliser des parame`tres les plus proches possible des micro-images
mesure´es.
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La figure 1.22 pre´sente les re´sultats des deux estimateurs, MAP et E-LSE, sur des
images re´elles de chromosomes, sur lesquelles a e´te´ simule´ le syste`me BioAxial, avec
les 4 demi-lunes de la figure 1.18 projete´es en chaque point du scan. La forme en X
bien connue pour repre´senter les chromosomes apparaˆıt clairement sur la reconstruc-
tion de l’estimateur E-LSE, tandis que l’estimateur MAP est incapable de trouver la
se´paration entre les chromatides. Les re´sultats sont tre`s encourageants pour le E-LSE,
meˆme si les zones traite´es doivent eˆtre d’assez petite surface afin d’obtenir le re´sultat
en un temps raisonnable. L’acquisition de cartes Intel phi a permis de paralle´liser
les calculs (en particulier le calcul des chaˆınes qui sont totalement inde´pendantes) et
re´duire ce temps, mais une imple´mentation en GPU (par exemple) est maintenant
ne´cessaire pour rendre l’algorithme industrialisable. Un autre avantage de cet algo-
rithme, qui n’est pas pre´sente´ ici mais dans le chapitre 6, est que l’estimateur E-LSE
reconstruit un fond constant noir correctement, alors que le re´sultat de l’estimateur
MAP n’est pas constant mais constitue´ d’artefacts. Ces artefacts ont un niveau de
signal beaucoup plus faible que le signal e´tudie´, et ne sont en fait visibles que lorsque
les niveaux de gris de l’image sont sature´s. Ils ne geˆnent donc pas la visualisation
mais peuvent eˆtre proble´matiques si l’image re´sultat est ensuite utilise´e pour une
autre application, car peuvent mener a` la conclusion que le fond n’est pas constant
mais constitue´ de petites particules.
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(a) Image originale (b) Syste`me conventionel (c) MAP (d) E-LSE
 
 
E−LSE
MAP
(f) Zoom sur MAP (e) Zoom sur E-LSE (g) Cross-sections E-LSE/MAP
Figure 1.22: Comparaison des estimateurs MAP (c) et E-LSE (d) sur une image de chromosomes
(a). L’image est une image re´elle ; on a simule´ le syste`me BioAxial, consistant en un scan avec
les 4 demi-lunes repre´sente´es sur la figure 1.18. En (b) l’image conventionnelle, c’est-a`-dire l’image
de la somme de toutes les micro-images a` l’endroit ou` elles ont e´te´ enregistre´es sur la came´ra (et
donc a` la re´solution de la came´ra), zoome´e, est pre´sente´e pour comparaison (b). Des zooms et
une cross-section sont pre´sente´es en (e)-(f)-(g). La forme originale en X des chromosomes n’est
pas du tout reconstruite par l’estimateur MAP, qui de plus cre´e une texture oscillante le long
des chromosomes ; au contraire, l’estimateur E-LSE, meˆme s’il ne retrouve pas comple`tement la
structure des chromosomes laisse apparaˆıtre leur forme originale, comme le montrent le zoom et la
cross-section.
52 Chapitre 1. Introduction
La suite de cette introduction est de´die´e au re´sume´ et contribution des diffe´rents
chapitres qui composent cette the`se. Des premiers re´sultats ont e´te´ pre´sente´s en mai
2016 au cours de la confe´rence IPMS - Inverse Problems : Modeling and Simulation
- pendant un symposium sur le sujet “Inverse Problems in Computer Vision”.
Chapitre 2 Dans ce chapitre, nous pre´sentons le phe´nome`ne de diffraction ame-
nant a` la limite de re´solution de Abbe. Nous revenons en de´tail sur la me´thode
SIM, les diffe´rents calculs et estimations, et nous pre´sentons quelques simulations.
Il s’agit d’une des techniques de super-re´solution les plus rapides car elle ope`re sur
tout le champ a` imager, mais le mode`le est tre`s sensible aux aberrations locales et
donc tre`s difficile a` calibrer. Nous nous inte´ressons ensuite aux techniques ISM qui
scannent progressivement toute la zone a` imager, projetant localement une distribu-
tion lumineuse au moyen d’un laser ; chaque point de scan produit alors une mesure
(une intensite´ globale ou une image) et l’image super-re´solue est ensuite reconstruite
graˆce aux donne´es re´colte´es sur l’ensemble des points de scan. Nous proposons une
nouvelle formulation du proble`me ISM, en 4 dimensions, dans l’espace de Fourier,
permettant de comparer la re´solution the´orique effective des diffe´rentes me´thodes de
reconstruction line´aires.
Chapitre 3 Dans ce chapitre, nous proposons un sche´ma de discre´tisation pre´cis
pour les syste`mes d’imagerie utilisant un microscope a` balayage laser. Toutes les
me´thodes ISM peuvent s’e´crire comme des ope´rateurs line´aires sur l’image super-
re´solue, dont les e´tapes sont : multiplication/convolution/sous-e´chantillonnage. Bien
que la mode´lisation de´rive de l’e´criture du proble`me, il est assez rare d’en trou-
ver une description de´taille´e. Pour comprendre les subtilite´s associe´es a` la discre´-
tisation de l’ope´rateur ISM, nous revenons sur la de´finition mathe´matique de l’e´-
chantillonnage, cre´ant le lien entre l’image continue et sa discre´tise´e mais aussi entre
leurs transforme´es de Fourier respectives. Toutes ces relations doivent eˆtre maˆıtrise´es
afin de de´finir les outils permettant d’effectuer correctement les ope´rations basiques
contenues dans l’ope´rateur et donc permettre sa discre´tisation exacte. Les questions
d’optimisation de pas d’e´chantillonnage et de quantite´s de donne´es ge´ne´re´es par les
me´thodes ISM sont e´galement traite´es. Cette e´tude a` notamment permis de pro-
poser un nouveau sche´ma de scan, adapte´ a` la forme des distributions lumineuses
projete´es, ce qui permet de diminuer sensiblement le temps d’acquisition sans sacri-
fier la re´solution finale. A la fin du chapitre, nous nous inte´ressons aux distributions
lumineuses singulie`res qui peuvent eˆtre produites graˆce a` la diffraction conique et en
particulier a` leur avantage pour les me´thodes ISM.
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Dans les deux chapitres suivants, nous avons de´cide´ d’e´tudier un proble`me inverse
un peu plus simple, la de´convolution, dans le cas de contraintes tre`s faibles sur la
solution : uniquement sa positivite´.
Chapitre 4 La de´convolution sous contrainte de positivite´ par maximisation de la
densite´ a posteriori, de´finissant l’estimateur MAP, peut eˆtre vue comme la minimisa-
tion d’une e´nergie dans un cadre baye´sien et peut eˆtre calcule´e graˆce a` l’algorithme
ite´ratif de Nesterov acce´le´re´. Nous mettons en e´vidence que l’estimateur final, a`
convergence, pre´sente un artefact appele´ night sky, caracte´rise´ par une discontinuite´
totale des structures. Cet artefact est e´galement visible sur le re´sultat de la me´thode
de Richardson-Lucy, lorsqu’un nombre d’ite´rations important est utilise´. Ces algo-
rithmes sont ite´ratifs, faisant apparaˆıtre progressivement le night sky. L’arreˆt des
ite´rations au cours de l’algorithme permet donc d’obtenir un re´sultat convenable.
Ceci ne´cessite, dans l’hypothe`se d’un traitement automatique, de de´finir un crite`re
d’arreˆt adapte´. Dans le cas du bruit Gaussien, nous introduisons un crite`re base´ sur
les statistiques du bruit pour stopper les ite´rations, cre´ant un estime´ sans night sky.
Chapitre 5 Pour e´viter les artefacts de night sky de l’estimateur MAP, nous nous
inte´ressons a` des estimateurs diffe´rents et en particulier le LSE, pour Least-Square
Error, consistant a` minimiser l’erreur quadratique moyenne a posteriori. Nous adap-
tons cet estimateur a` la de´convolution, sous seule contrainte de positivite´ et nous
introduisons un nouvel estimateur, le E-LSE, pour Emitters-Least-Square Error,
adaptation du LSE aux images parcimonieuses. Le calcul de ces estimateurs exige
un calcul d’inte´grales en tre`s grande dimension, ce qui est ne´anmoins possible en
utilisant des me´thodes MCMC avec un algorithme de Metropolis-Hastings, adapte´ a`
la formulation de chacun des estimateurs. En raison de la non-convexite´ du domaine
d’inte´gration du E-LSE, la convergence est plus de´licate et les chaˆınes peuvent se figer
dans une configuration correspondant a` un minimum local, ce qui ne´cessite le recours
a` un grand nombre de chaˆınes. Malheureusement, dans le cas de la de´convolution,
ces deux estimateurs n’e´vitent pas comple`tement le phe´nome`ne de night sky. Une
ponde´ration de l’e´nergie permet ne´anmoins d’y reme´dier mais les re´sultats sont alors
sensiblement e´quivalents a` ceux du MAP non converge´, stoppe´ par le crite`re propose´
dans le chapitre 4 par exemple.
Chapitre 6 Dans ce dernier chapitre, nous e´tudions l’adaptation des estimateurs
MAP et E-LSE au proble`me inverse de la super-re´solution, dans le cas des me´thodes
ISM. En raison d’un faible flux de photons utilise´ en pratique, uniquement le bruit de
Poisson est conside´re´ et nous nous inte´ressons a` des e´chantillons tre`s parcimonieux.
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Pour e´viter le night sky, une contrainte supple´mentaire est ajoute´e lors du calcul
de l’estimateur MAP : la solution doit eˆtre a` bande limite´e (avec une fre´quence
de coupure supe´rieure a` celle impose´e par l’optique). L’algorithme utilise´ est clas-
sique (gradient projete´, acce´le´ration de Nesterov), mais l’ajout d’une contrainte
supple´mentaire (bande limite´e) ne´cessite une e´tape non triviale de projection sur
l’intersection convexe des contraintes, pour laquelle nous proposons une solution
par la me´thode Dual forward-backward splitting. Pour le E-LSE, aucune contrainte
supple´mentaire ne se re´ve`le ne´cessaire, l’image reconstruite ne pre´sentant pas les
artefacts de night sky observe´s en de´convolution, suˆrement graˆce a` la redondance
d’informations, tre`s pre´sente dans les me´thodes ISM. Nous pre´sentons e´galement des
techniques mises en place pour acce´le´rer le calcul de l’estimateur et le moyen d’e´viter
les effets de bord (accumulation des e´metteurs au bord du domaine). Nous pre´sentons
plusieurs simulations pour lesquelles la reconstruction obtenue par E-LSE surpasse
en qualite´ et en re´solution celle du MAP.
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In this Chapter, we present the diffraction effect more precisely. This physical
phenomenon happens each time the light goes through an obstacle or aperture and
explains that a fluorescence microscope cannot resolve too small structures. This
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limitation can also be observed in the Fourier domain: the output signals are band-
limited, meaning that their Fourier Transform equals zero beyond a cut-off frequency
noted fmax, depending on the emission wavelength, supposed monochromatic.
The impulse response of the microscope is called Point Spread Function (PSF)
and noted ϕ. It corresponds to the imaging response of a point source by the optical
device. Its representation in Fourier domain, ϕ̂, is called the Optical Transfer Func-
tion (OTF).
For a long time now, scientists have tried to go beyond this fmax limit. We here
present two families of well-known super-resolution techniques, that both enable to
retrieve frequency components until 2fmax. The first one, called Structured Illumi-
nation Microscopy (SIM), is a wide-field technique because it operates on the whole
sample. The main idea is to project a grid on the sample; the specific formulation
in the Fourier space of this grid theoretically enables super-resolution. The second
technique is a more local technique called Illumination Structured Microscopy (ISM)
where the sample is scanned with a particular distribution of light; the acquisition
is performed gradually, each scanned area after another, and the reconstruction is
computed afterwards on the whole data.
2.1 Diffraction phenomenon and notion of resolu-
tion
2.1.1 General definitions
Let us recall the definition of the convolution in Rn, between two functions f and
g defined in Rn, as
∀x ∈ Rn, (f ∗ g)(x) =
∫
Rn
f(x− t)g(t)dt =
∫
Rn
g(x− t)f(t)dt.
Given f ∈ L1(Rn) (∫
Rn
|f(x)|dx <∞), its Fourier transform is defined as
∀ξ ∈ Rn, F(f) : ξ 7−→
∫
Rn
f(x)e−i〈ξ,x〉dx,
also noted fˆ(ξ). The inverse Fourier transform of f , defined if fˆ ∈ L1(Rn), is then
∀x ∈ Rn, F−1(fˆ) : x 7−→ 1
(2π)n
∫
Rn
fˆ(ξ)ei〈ξ,x〉dξ.
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A function f is said to be band-limited if there exists a δ such that
supp(fˆ) =
[
−π
δ
,
π
δ
]n
.
For f ∈ L1(Rn), g ∈ L1(Rn) we recall that
∀(a, b) ∈ R2, F(af + bg)(ξ) = aF(f)(ξ) + bF(g)(ξ),
∀a ∈ R, F(f(a·))(ξ) = 1|a|nF(f)
(
ξ
a
)
,
∀t ∈ Rn, F(f(·+ t))(ξ) = F(f)(ξ)ei〈ξ,t〉,
∀µ ∈ Rn, F(f(·)e−i〈·,µ〉)(ξ) = F(f)(ξ + µ), (2.1)
F(f ∗ g)(ξ) = F(f)(ξ)×F(g)(ξ). (2.2)
The Parseval identity specifies that for f ∈ L2(Rn) we have∫
Rn
|f(x)|2 dx = 1
(2π)n
∫
Rn
∣∣∣fˆ(ξ)∣∣∣2 dξ. (2.3)
Thanks to the distribution theory, the notion of Fourier transform can be ex-
tended, in particular to the space of tempered distributions, S’, dual of S where S
is defined as
S =
{
ϕ : Rn −→ C
∣∣∣∣ϕ ∈ C∞(Rn), ∀(α, β) ∈ N2 sup
x∈Rn
|xα∂βϕ(x)| <∞
}
.
Let us remind that the Fourier transform in S ′ is defined as
∀T ∈ S ′, ∀ϕ ∈ S,
〈
T̂ , ϕ
〉
= 〈T, ϕˆ〉 .
This space enables to introduce the Dirac distribution in a, δa, element of S ′,
defined for each ϕ ∈ S by < δa, ϕ >= ϕ(a). The convolution of any distribution
T ∈ S ′ by δa corresponds to a translation of T by a, that is, noting τa the translation
function τa : x 7→ x− a,
∀T ∈ S ′, ∀ϕ ∈ S, 〈T ∗ δa, ϕ〉 = 〈τaT , ϕ〉.
We can then notice that δ0 is the identity element of the convolution.
Moreover, the Fourier transform of a complex exponential function is a Dirac
distribution. Indeed let us consider T ∈ S ′ defined for x ∈ Rn, as T : x 7−→ ei〈ω,x〉,
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ω ∈ Rn then ∀ϕ ∈ S,
〈
T̂ , ϕ
〉
= (2π)n 〈δω, ϕ〉.
In the following, most of the time, for ease of reading, we will improperly use a
functional notation for distributions, writing for example
∫
ϕ(x)δa(x)dx instead of
〈δa, ϕ〉.
2.1.2 Fluorophores
In the case of fluorescence microscopy, fluorescent compounds called fluorophores
are used to label a specimen. The fluorophores are chemical composites made of
between 20 and 100 atoms and are usually described by their emission and excita-
tion wavelength, noted λem and λex. A fluorophore absorbs light energy around its
excitation wavelength and emits light at its emission wavelength. The time between
absorption and emission depends on the fluorophore but it is usually quantified in
picoseconds. This emission of light is then recorded by a captor and enables to cre-
ate the image. A filter that blocks the excitation wavelength is used so that the
collected light only corresponds to the emission. The quantity of light emitted by
a fluorophore is fading progressively when exciting it several times, leading to the
phenomenon of photo-bleaching: the fluorophore cannot emit light anymore. In that
case, it is no longer possible to create an image since no light is collected.
The range of excitation wavelength in nanometers of most fluorophores is around
[400, 750]. The emission is always a bit higher than the excitation (5 to 10%) but we
will consider that λem ≃ λex in the following. It will make easier the explanation in
Fourier of both SIM and ISM methods in the Fourier domain. However remarks 3
and 5 reconsider the difference between those two wavelengths and explain its influ-
ence in the case of SIM and ISM.
A well known fluorophore used in fluorescence microscopy is GFP, for Green
Fluorescent Protein, that was first discovered in 1962 [105] and has been used by
lots of biologists since then (see [124] for instance). This protein, that comes from a
jellyfish called Aequorea victoria, presents two excitation peaks (at 395 nanometers
and 475 nanometers) and is really less phototoxic than other proteins, making the
analysis of live cells possible. Numerous derivatives of GFP were developed in the
following years, for instance in [53], a mutation of GFP was proposed, so that it
presents only on peak, at 488, making the protein more stable and more adapted to
filters used by fluorescence microscopes.
2.1. Diffraction phenomenon and notion of resolution 59
2.1.3 Diffraction phenomenon
The two following parts, the description in space and in Fourier domain of an
optical device using circular pupil, are inspired by [44].
A convolution in the space domain
Under the hypothesis that the observation distance (located on the focal plan) is
quite far, the diffraction phenomenon can be modeled using Fraunhofer diffraction.
For a monochromatic and incoherent light, the representation of the real scene u, u˜,
created by a device of focal length f , aperture A and using wavelength λ, is modeled
as a convolution
u˜ = K ∗ u, with K = |U0|2, (2.4)
U0 being the field distribution on A at focal plan, that is at z = 0. In the case of a
circular aperture of radius R, we have
∀z ∈ R, ∀x ∈ R2, Uz(x) = ke
ikf
if
ei
k
2f
|x|2
∫
B(0,R)
e
− ikz
2f2
|ξ|2
e−
i
λf
〈x,ξ〉dξ, (2.5)
with B(0, R) = {ξ ∈ R2| |ξ| < R} and k = 2π/λ the wave number.
Setting z = 0, introducing polar coordinates for x, (r, θ), and ξ, (ρ, φ) and the
function cR defined by
cR(r) =
{
1 if (r < R)
0 otherwise
leads to
U0(r) = e
ikf
iλf
ei
k
2f
rF (cR(ρ))
(
r
λf
)
.
The Fourier transform of the function cR is known: it is a Bessel function J1. We
have F (cR(r)) (ρ) = RJ1(2πRρ)/ρ. And then using Fourier Transform properties it
comes
U0(r) = e
ikf
iλf
ei
k
2f
r
J1
(
2πR
(
r
λf
))
r
λf
R.
Finally, we can compute
|U0(r)|2 = 1(λf)2
(
J1(2piR( rλf ))
r
λf
R
)2
=
(
piR2
λf
)2(
2
J1(2piR( rλf ))
2piR( rλf )
)2
,
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and what is called the Airy disk K is given, according to the diameter of the pupil
D = 2R by
K(x) = C ×
(
2
J1(y)
y
)2
, y = πD
|x|
λf
, C constant.
Its representation in two dimensions and its radial section can be seen in Figure
2.1. We call ra the first zero of this function, whose value is a function of λ, R and f
ra ≃ 1.22λf
D
and we can notice that most of the energy (almost 95%) of the spot is located be-
tween −ra and ra.
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(a) (b) (c)
Figure 2.1: Representation of the Airy spot: (a) normalized Airy disk, (b) saturation of the disk
to show all the rings. On the bottom (c) a radial section of the disk shows that more than 94% of
the energy of the disk is contained in the center and first ring.
In the following, if no contradictory information is given, ϕ, the PSF of the op-
tical device, corresponds to K with λ = λem. In other words, we consider that the
aperture of our device is a circle of diameter D. We recall that the PSF is the image
of point source by the optical device
An expression of the PSF for any plan z = c (with c a constant) can be obtained
taking the square of the absolute value of (2.5) with z = c. We present in Figure 2.2
the result for 3 values of z: 0, 400 and 700 nanometers. We can notice that the spot
really spreads in the lateral direction when the depth increases.
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PSF at z = 0 nm PSF at z = 400 nm PSF at z = 700 nm
Figure 2.2: Representation of normalized sections (x, y) of the Airy spot modeling the PSF for
different values of z (0, 400 and 700 nm) ant their vertical profiles; in red is drawn the circle centered
on the middle of the spot and of radius ra: for the focused spot very few signal is outside the circle,
and the most z increases the most signal is spreading, as shown on the plot.
A band limited Fourier transform
A consequence of (2.4) is that the OTF, Fourier transform of the PSF, of an
optical system can be obtained, for an Aberration-Free System of pupil function
P , by the computation of the ratio between the area of overlapping between two
displaced functions P and the area total of the pupil, meaning
OTF =
Area overlap between two pupils P
Total area of the pupil P .
This definition enables to understand why the PSF is band limited: when no
overlapping between the two pupils, the values of the OTF will be zero. The calcu-
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lation for an optical device of focal length f with a circular pupil of radius R and
using wavelength λ gives that
OTF (ξ) =
{
C
(
arccos(ρ)− ρ√1− ρ2) if ρ = λf
4piR
‖ξ‖ ≤ 1
0 otherwise
, C a constant. (2.6)
The representation of the modulus of this function in two dimensions can be seen
in Figure 2.3 as well as a plot of the radial section. The highest non zero frequency
fmax is then defined by
λf
4πR
fmax = 1⇔ fmax = 4πR
λf
. (2.7)
In the following, we will use the notation B(0, fmax) for the ball of radius fmax
centered at frequency 0.
- 0.2
0.0
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0.6
0.8
1.0
Fourier Transform of Radial section of the Fourier Transform of
the Airy disk the Airy disk
Figure 2.3: Representation of the Airy spot in the Fourier domain: on the left, the image of the
absolute value of the Fourier transform of the Airy disk in 2 dimensions, that is, |OTF | as defined
in (2.6); on the right the intensity profile of the normalized OTF in function of ‖ξ‖: the support of
the OTF is included in [−fmax, fmax], with fmax the cut-off frequency.
2.1.4 Limit of resolution for a microscope
For a microscope it is more common to use the Numerical Aperture (NA) to
characterize the objective. It is defined as a function of n, the index of refraction
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and α, the half-angle of the maximal cone of light entering or exiting the lens, by
NA = n sinα. For a thin lens the angle α can be approximated with tanα = R/f
giving α = arctan (R/f) and for small angles we can approximate sinα ∼ R/f and
then NA ∼ nR/f.
Relation (2.7) in the case of microscopy using wavelength λ and using an objective
with numerical aperture NA is given by
fmax = 2π · 2NA
λ
.
It means that no detail smaller than λ/(2NA) can be imaged by an optical device
of numerical aperture NA using wavelength λ. This is the definition of resolution
proposed by Abbe and so called the Abbe limit [1].
With this formula, we can think about two ways to improve resolution, that
is increase fmax or equivalently reduce λ/(2NA)): either reduce λ or increase NA.
Concerning λ as said before it cannot be smaller than 400/450 nm. Concerning the
numerical aperture, the air objectives have a numerical aperture around 1, and the
best ones (oil objectives) around 1.5. The computation of the Abbe limit then gives
130 nm: no detail smaller than 130 nm can be imaged with a standard microscope.
Another vision of resolution has been proposed by Rayleigh and can be seen in
Figure 2.4: the resolution of an optical system is the minimal distance of separation
between two points. Indeed for two very close sources, the diffraction patterns in-
terfere and when the central peaks overlap, it is impossible to distinguish the two
sources. The minimal distance is then the distance between the peak and the first
zero of the diffraction patter. In the case of an Airy disk, the Rayleigh criterion is
equal to the Airy radius, whose expression using the numerical aperture is given by
ra ∼ 0.61λ/NA.
Of course the gain of resolution in microscopy is not only lateral but also axial,
that is, in the z-direction; indeed we gave before the expression of the PSF as a
function of z and the biological sample is most of the time a three dimensional
function. The Rayleigh criterion can be extended to the z-direction, saying that
the z-resolution is defined as the minimal distance between two points (in the z-
direction) that the optical system can separate. The definition of this resolution rz is
a function of the numerical aperture, the refractive index and the wavelength given
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Figure 2.4: Illustration of Rayleigh criteria: the sum of two point sources, whose image by the
system is modeled by the Airy disk, is performed in 3 situations. First the sources are completely
separated, their sum makes them appear separately with no doubt; secondly, the sources are quite
close so that the sum contains both of them at some point but the separation is still visible. On
the last image, the sources are so close that the separation is not visible anymore on the sum: the
distance between those two is smaller than ra.
by
rz =
2λn
NA2
.
This limit can be found computing (2.5) with |x| = 0. However, in the following, we
will focus on the gain of resolution in the xy-direction.
2.2 Structured Illumination Microscopy
2.2.1 Presentation
The Structured Illumination Microscopy (SIM) technique is a wide-field technique
projecting a grid pattern on the whole sample. In 1999 in [55], Heintzmann comes
with the idea of using a diffraction grating on the laser beam because of its particular
Fourier Transform made of Diracs. The result image is obtained by simple operations
(addition/subtraction) on the images taken with a grid with different orientations
(three were used in the experiments proposed in this article).
One year later in [46], Gustafsson explains the concept of Structured Illumination
Microscopy using the Fourier space. In [48] a more precise mathematical presenta-
tion of the problem and an algorithm for processing the data with a Wiener filter are
proposed. In this article, we can also see that a real advantage of the SIM technique
is that it can also be used to improve the z-resolution.
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Other methods than Wiener filters can be used to reconstruct the images; in [78]
for example, a Bayesian approach leads to the minimization of an energy. If the
SIM is supposed to be limited to a factor of two for retrieving frequencies, in [47],
Gustafsson presents a technique of non linear microscopy, called SSIM, for Saturated
Structured Illumination Microscopy, and claims that it can theoretically produce
“infinite” frequencies. However this technique is quite limited because it requires a
large amount of light (in relation to the first S of the name, saturated), leading most
of the time to photo-bleaching of the sample.
The following is based on a simplification of [70], article published in 2016 and
giving a full algorithm to reconstruct the super-resolved SIM image. In this model
and most of the time for the SIM, the noise is assumed to be Gaussian, which is
quite rare in microscopy applications; the Poisson assumption is more often used.
2.2.2 Mathematical model
Given u ∈ L1(R2) a fluorophore density, that is a function from R2 to R+, also
called sample, illuminated by m a pattern function from R2 to R+ and ϕ the PSF of
the optical device, we suppose that the emitted signal arriving on the camera can be
written for each 2D-position x of the plan as
∀x ∈ R2, x 7−→ ((u(·)×m(·)) ∗ ϕ(·))(x). (2.8)
In the case of SIM, the pattern function is supposed to be a grid modeled as
∀x ∈ R2, mi,θ(x) = M0 (1 + α cos(〈kθ, x〉+ φi)) , (2.9)
where M0 ∈ R is the peak illumination intensity, kθ = (|k| cos θ, |k| sin θ) the illumi-
nation frequency vector of orientation θ, α the modulation factor, such that |α| ≤ 1
and φi the phase of the pattern.
Let us consider I i,θu a noisy version of the acquisition with grid m
i,θ. Under
Gaussian noise assumption, (2.8) and (2.9) give
∀x ∈ R2, I i,θu (x) =
((
u(·)×mi,θ(·)) ∗ ϕ(·))(x) + ni,θ(x), ni,θ(x) ∼ N (0, σ2). (2.10)
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2.2.3 Fourier transform of the acquired images I i,θu
Due to the Fourier transform properties, the Fourier transform of I i,θu defined by
(2.10) is given by
∀ξ ∈ R2, Î i,θu (ξ) =
∧
u×mi,θ(ξ)× ϕ̂(ξ) + n̂i,θ(ξ). (2.11)
Using that ∀x ∈ R2, ω ∈ R, φ ∈ R2, cos(ωx + φ) = 1
2
(
eiwx+φ + e−(iwx+φ)
)
, we
remind that the Fourier transform of a cosine function with a phase is written as
∀ξ ∈ R2, F(cos(ωx+ φ))(ξ) = 1
2
× (2π)2 (eiφδω(ξ) + e−iφδ−ω(ξ)) ,
which permits to develop
∧
u×mi,θ(ξ), with α′ = 2π2α, as
∧
u×mi,θ(ξ) = M0uˆ(ξ) +M0α′
(
(uˆ(·) ∗ (δkθ(·)eiφi + δ−kθ(·)e−iφi))(ξ))
= M0uˆ(ξ) +M0α
′ (uˆ(ξ + kθ)eiφi + uˆ(ξ − kθ)e−iφi) .
Equation (2.11) becomes then
Î i,θu (ξ) =
(
M0uˆ(ξ) +M0α
′ (uˆ(ξ + kθ)eiφi + uˆ(ξ − kθ)e−iφi)) ϕ̂(ξ) + n̂i,θ(ξ). (2.12)
We remind that the PSF ϕ is band limited so that
∀ ξ s.t. |ξ| > fmax, ϕ̂(ξ) = 0,
meaning that
∀ ξ s.t. |ξ| > fmax, Î i,θu (ξ) = n̂i,θ(ξ). (2.13)
However the Fourier transform (2.12) computed in ξ (|ξ| < fmax) contains fre-
quencies coefficients of the sample u in ξ, ξ − kθ and ξ + kθ. This means that using
mi,θ pattern, we can recover higher frequencies than fmax: fmax ± kθ.
Remark 1. Equation (2.12) shows, as said before, that with a constant illumination
(that is for instance α = 0 in (2.9)), we have
Î i,θu (ξ) = M0uˆ(ξ)ϕ̂(ξ) + n̂i,θ(ξ),
and then Î i,θu only depends on the coefficients of uˆ contained in B(0, fmax).
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Concerning the illumination vector kθ, since the pattern also goes through the
optical device, it also is band-limited. We have that kθ ∈ B(0, fmax), meaning that
in Equation (2.12) Î i,θu (ξ) theoretically depends on frequencies of u contained in
B(0, 2fmax)
Remark 2. To reach frequency 2fmax in (2.12), one needs that ξ = |kθ| = fmax.
However ϕ(ξ) = ϕ(fmax) = 0, meaning that we cannot get the information corre-
sponding to 2fmax. This is a theoretical value and cannot be exactly reached.
Remark 3. The difference between the emission and excitation wavelengths gives
that the cut-off frequency of the PSF, f emmax is smaller than the cut-off frequency of
the grid, f exmax, this means that |kθ| can take a value higher than f emmax (but smaller
than f exmax). Theoretically, the final resolution is then f
em
max + f
ex
max.
As shown in Equation (2.13), the frequencies higher than fmax are only charac-
terizing the noise; this means that the spectrum of I i,θu in B(0, fmax) “mixes” for
each frequency (whose absolute value is smaller than fmax) its real value and some
of the ones created thanks to the special pattern. In [46], Gustafsson shows that it is
sufficient to use 3 values of φi,
{
0, 2pi
3
,−2pi
3
}
, to recover the frequencies corresponding
to kθ and separate them. Equation (2.12) with those three values gives
Î0,θu (ξ) = M0 [uˆ(ξ) + α
′uˆ(ξ + kθ) + α′uˆ(ξ − kθ)]× ϕ(ξ) + n̂0,θ(ξ)
Î1,θu (ξ) = M0
[
uˆ(ξ) + α′uˆ(ξ + kθ)e
2ipi
3 + α′uˆ(ξ − kθ)e− 2ipi3
]
× ϕ(ξ) + n̂1,θ(ξ)
Î2,θu (ξ) = M0
[
uˆ(ξ) + α′uˆ(ξ + kθ)e−
2ipi
3 + α′uˆ(ξ − kθ)e 2ipi3
]
× ϕ(ξ) + n̂2,θ(ξ)
.
When α′ 6= 0, we can then compute an estimation of uˆ(ξ)ϕ̂(ξ), uˆ(ξ+ kθ)ϕ̂(ξ) and
uˆ(ξ − kθ)ϕ̂(ξ) (linear system of 3 equations, with 3 unknowns). Setting vˆθ(ξ, kθ) as
the estimate of uˆ(ξ+kθ)ϕ̂(ξ) created thanks to the acquisition with angle θ, we have
vˆθ(ξ, 0) ∝
(
e
4ipi
3 − e− 4ipi3
)
Î0,θu (ξ)−
(
e
2ipi
3 − e− 2ipi3
)(
Î1,θu (ξ)− Î2,θu (ξ)
)
vˆθ(ξ, kθ) ∝
(
e−
2ipi
3 − e 2ipi3
)
Î0,θu (ξ) +
(
e
2ipi
3 − 1
)
Î1,θu (ξ)−
(
e−
2ipi
3 − 1
)
Î2,θu (ξ)
vˆθ(ξ, −kθ) ∝
(
e−
2ipi
3 − e 2ipi3
)
Î0,θu (ξ)−
(
e−
2ipi
3 − 1
)
Î1,θu (ξ) +
(
e
2ipi
3 − 1
)
Î2,θu (ξ)
. (2.14)
Obtaining the values of uˆ at the different frequencies from this system is done by
a Wiener filter. Let us remind the principle of this filter.
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2.2.4 Wiener filter for estimating the signal in ξ, ξ ± kθ
Given a noisy observation v : Rn 7→ R of a signal u : Rn 7→ R convolved with a
kernel ϕ : Rn 7→ R, the observation can be written, assuming Gaussian noise, as
∀t ∈ Rn, v(t) = (ϕ ∗ u)(t) + n(t), n(t) ∼ N (0, σ2).
The filter g, also called Wiener filter, whose Fourier Transform is defined as
∀ξ ∈ Rn, gˆ(ξ) = ϕ̂
∗(ξ)
PN (ξ)
PU (ξ)
+ |ϕ̂(ξ)|2 , (2.15)
with PU(ξ) = E(|uˆ(ξ)|2) and PN(ξ) = E(|nˆ(ξ)|2), minimizes the mean square error
between g ∗v and u. This can be proven assuming independence between the noise n
and the signal u and computing g = argmin
h
E(‖h∗v−u‖2), which is totally equivalent
by Parseval equality (2.3) to find gˆ = argmin
hˆ
E(‖hˆvˆ − uˆ‖2).
To be able to compute the filter (2.15) on the SIM data (2.14) we first need to
compute PU , for the fluorophore density and PN , for the noise.
For the noise the assumption n ∼ N (0, σ2) directly gives that PN = σ2. We then
need to estimate the variance of the noise. Using (2.13), we notice that we can use
the values of the frequency coefficients higher than the cut-off frequency to estimate
σ2; more precisely one can compute σ˜2, an estimate of σ2, as the average of all the
squared frequencies higher than fmax, using all (n
i,θ)i,θ.
For computing PU , [70] considers that Pvθ(ξ) = E(|vˆθ(ξ, 0)|2) (computed with the
result of the first equation of (2.14)) can be written as:
∀ξ ∈ Rn, Pvθ(ξ) = |ϕ(ξ)|2PU(ξ) + PN(ξ) = |ϕ(ξ)|2A2|ξ|−2γ + PN(ξ), (2.16)
where A and γ estimated by curve fitting are constants characterizing the spectrum:
A its amplitude, γ how fast the Fourier transform decreases. Once σ˜2, A and γ
estimated, the Wiener filter on (2.14) can be computed. We note ˜ˆuθ, the estimate of
uˆ that is computed in ξ, ξ + kθ and ξ − kθ from acquisition with angle θ
˜ˆuθ(ξ) =
ϕ̂∗(ξ)
|ϕ̂(ξ)|2 + σ˜2A2|ξ|−2γ
vˆθ(ξ, 0)
˜ˆuθ(ξ + kθ) =
ϕ̂∗(ξ)
|ϕ̂(ξ)|2 + σ˜2A2|ξ+kθ|−2γ
vˆθ(ξ, kθ)
˜ˆuθ(ξ − kθ) = ϕ̂
∗(ξ)
|ϕ̂(ξ)|2 + σ˜2A2|ξ−kθ|−2γ
vˆθ(ξ,−kθ)
.
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The values from the two last equations need to be shifted afterwards to their
correct positions on the spectrum of the image result, that is centered respectively
on kθ and −kθ. To perform this shift, we compute the translation in the reciprocal
space using property (2.1) (that is we multiply by ei〈x,±kθ〉 in the space domain). We
note them τkθ
˜ˆu(ξ + kθ) and τ−kθ ˜ˆu(ξ − kθ)
τkθ
˜ˆuθ(ξ + kθ) = F
(
F−1
(
˜ˆuθ(ξ + kθ)
)
(x)× ei〈x,kθ〉
)
(ξ),
τ−kθ ˜ˆu
θ(ξ − kθ) = F
(
F−1
(
˜ˆuθ(ξ + kθ)
)
(x)× e−i〈x,kθ〉
)
(ξ).
2.2.5 Creation of the SIM image
In [89], the authors present that 3 values of θ, {0, pi
3
, 2pi
3
}, are sufficient for creating
the SIM image. Looking at Figure 2.5 where kθ equals fmax, we see that, indeed,
with those three values almost all the frequencies in B(0, 2fmax) are recovered. The
merging of the frequencies coming from the different θ is computed using a general-
ized Wiener filter. This filter enables to merge the results of different views of the
same object with different parameters, still minimizing the mean square error.
1
fmax−fmax
2 3
4
2fmax−2fmax
Figure 2.5: Principle of Structured Illumination Microscopy with |kθ| = fmax: (1) the spectrum of
an image going through a microscope, band-limited, with maximal frequency fmax, (2) the Fourier
transform of a grid mi,0, used by the SIM, made of Dirac distributions (3) the Fourier spectrum
recovered by an acquisition with mi,0, (4) the Fourier spectrum recovered by an acquisition with 3
values of θ: {0, pi
3
, 2pi
3
}. One grid enables to recover frequency coefficients in one direction, the three
values of θ enable to almost double the spectrum, that is to go until 2fmax. However as mentioned
before, since ϕ̂(fmax) = 0, the value for |kθ| has to be smaller than fmax, so that the support of
the reconstruction cannot be exactly B(0, 2fmax).
The result of this generalized filter, ÛSIM is the Fourier Transform of the final
super-resolved image. The result produced by the SIM algorithm described is then
F−1(ÛSIM); it should contain details smaller than λ2NA .
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2.2.6 Discussion on the SIM method
One big advantage of the SIM is its speed because it is working on the whole
field. However, it also presents drawbacks. For instance lenses produce much more
aberrations far from the optical axis, in particular coma and astigmatism aberra-
tions, that modifies the shape of a point source; the first one can create distortions
like tail on one point source and the second one can enlarge/modify the shape of the
spot, making a circle look like an ellipse for example.
On top of that, if the principle of the SIM is quite “simple”: the Fourier Trans-
form of the projected grid enables to obtain higher frequencies mixing them with the
lower ones and Wiener filters are used to separate the frequency components, the
different parameters of the grid are in fact not defined by the experimental protocol
and need to be estimated: M0, kθ, α, φi. This makes the real processing of the data
a more complex procedure than just Wiener filters. These estimations (as well as A
and γ in (2.16)) could be done in various ways (because of the redundancy of the
data) (see [70] for an example of a full algorithm). As it can be seen in Figure 2.6,
a wrong value for one of the kθ for instance clearly deteriorates the resolution and
creates artifacts such as the duplication of some structures. This is particularly an
issue for biological interpretations.
Moreover, as we mentioned before, the sample is most of the time three-dimen-
sional, meaning that not only the focal plane is illuminated but also the plans below
and above, with a bigger PSF (see Figure 2.2); this can impact the whole reconstruc-
tion. This phenomenon is easier to control with local approaches, for instance by
using a pinhole (real or virtual) to suppress out of focus photons.
Numerous articles were published in the last few years concerning artifacts pro-
duced by the SIM ([114] and [30] for instance), in order to prevent wrong interpre-
tations from biological experiments or to optimize the performances of the method.
This can be done either by a better protocol for samples creation [30], by controlling
each step of the processing [8] to be able to detect inconsistencies (about parameters
values for instance) or or by trying to remove the out of focus light in the SIM recon-
struction [90]. Some alternatives to Wiener filtering have also been proposed using
the Bayesian framework, for instance in [78] where a prior using the derivative of the
gradient of the reconstructed image is taken to assure its smoothness ([69] proposes
a free tool to process data from a SIM acquisition and compare the reconstructions)
or in [89] where the posterior law is defined as a function of the data but also pa-
rameters of the model, with also a prior promoting smooth features, using Gaussian
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fields.
(a) Conventional (b) Doubled conven- (c) SIM image (d) SIM image
microscope tional microscope (perfect) (wrong parameter)
Figure 2.6: Simulation of the SIM reconstruction (with no noise on the acquired data and kθ ∼
3/4fmax): the first line represents the modulus of the Fourier spectra in logarithmic scale and the
second line a crop on a significant region of interest of the image; they correspond to: (a) image
obtained with a conventional microscope - (b) image that would be obtained with a (simulated)
conventional microscope of double resolution - (c) SIM image obtained with correct parameters
(4 values of θ and 3 of φi) - (d) SIM image obtained by assigning a wrong value to kθ for one
of the angle (less than 5% error). First we can notice that the SIM result is very good with the
correct parameters, clearly presenting a better resolution than the widefield image, with a spectra
close to the real one, with non null frequency coefficients between fmax and 2fmax. However a bad
estimation of one parameter can create artifacts (duplication of some structures) and deteriorate
the resolution, as well as lead to false conclusion on the observed image.
2.3 Image Scanning Microscopy
2.3.1 General presentation
In the case of Image Scanning Microscopy, ISM, a laser emits light with a spec-
ified pattern at a given position on the fluorescent sample and the response of the
sample is observed around this position. The laser then moves on the whole sample
to collect data from different positions. In the following, we present a new general
framework developed with Julien Caron that can describe every ISM method in four
dimensions and enables to interpret the most popular existing methods (conventional
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imaging, confocal microscopy and pixel reassignment).
Given u, a fluorophore density as before, we now suppose that a specific distribu-
tion of light Ds is projected on the sample, at position Xs = (xs, ys) (the distribution
can vary according to the position on the sample). The scanned image, Iu, captured
on a camera of pixel Xc = (xc, yc) is a four dimensions function written as
∀(Xc, Xs) ∈ (R2)2, Isu(Xs, Xc) = ((u(·)×Ds(· −Xs)) ∗ ϕ(·)) (Xc). (2.17)
Remark 4. Ds is created within the optical device and then, like the PSF ϕ, limited
by the diffraction meaning that
∀ξ s.t. |ξ| > fmax, Ds(ξ) = 0.
We can compute the four-dimensional Fourier transform of (2.17), ∀η ∈ R4 =
(η12, η34), (η12 ∈ R2, η34 ∈ R2),
Îsu(η) =
∫
R2
∫
R2
(u(·)Ds(· −Xs) ∗ ϕ)(Xc)e−i〈Xs,η12〉e−i〈Xc,η34〉dXcdXs. (2.18)
Replacing the convolution by its definition and swapping the integrals, we can
isolate the Fourier Transform of ϕ in η34 and Equation (2.18) becomes
Îsu(η) = ϕ̂(η34)
∫
R2
∫
R2
u(y)Ds(y −Xs)e−i〈Xs,η12〉e−i〈y,η34〉dydXs.
By swapping integrals again, we can see the Fourier Transform of translated and
dilated Ds
Îsu(η) = ϕ̂(η34)
∫
R2
u(y)e−i〈y,η34〉
(∫
R2
Ds(y −Xs)e−i〈Xs,η12〉dXs
)
︸ ︷︷ ︸
D̂s(−η12)e−i〈y,η12〉
dy.
And finally the 4-D Fourier transform can be written as
Îsu(η) = ϕ̂(η34)D̂
s(−η12)
∫
R2
u(y)e−i〈y,η34〉e−i〈y,η12〉dy
= ϕ̂(η34)D̂s(−η12)uˆ(η12 + η34), (2.19)
which means that an ISMmethod can double the range of frequencies (since Îsu(η) 6= 0
when η12 ∈ supp(D̂s) ⊂ B(0, fmax) and η34 ∈ supp(ϕ̂) ⊂ B(0, fmax)) and that the
weight for each frequency coefficient of the real image u in Îsu depends on specific
frequencies of both the illumination and excitation patterns.
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2.3.2 Overview of some linear reconstruction methods
In the following, we present several well-known ISMmethods which can be written
as Equation (2.17). An interesting way to compare those methods is to compare
their theoretical OTF (to compare the recovered frequencies). To do that, given a
reconstruction i, function of Isu(Xs, Xc), we can either directly find the OTF of the
system, that is ϕ̂ such that î = ϕ̂û, or find the PSF ϕ such that i = ϕ ∗ u.
Conventional image
Going back to (2.17), we call the conventional image, noted uconv, the integration
of this expression over Xs replaced at position Xc. We then have
∀Xc ∈ R2, uconv(Xc) =
∫
R2
Isu(Xc, Xs)dXs (2.20)
=
∫
R2
((u(·)×Ds(· −Xs)) ∗ ϕ(·)) (Xc)dXs
=
∫
R2
∫
R2
(u(y)×Ds(y −Xs))ϕ(Xc − y)dydXs
=
∫
R2
u(y)ϕ(Xc − y)
(∫
R2
Ds(y −Xs)dXs
)
dy
= D̂s(0)
∫
R2
u(y)ϕ(Xc − y)dy
= D̂s(0) (u(·) ∗ ϕ(·)) (Xc). (2.21)
Supposing that the total mass of the illumination pattern is 1, that is D̂s(0) = 1, the
PSF of an optical device creating the conventional image, uconv, is ϕ and equivalently
its OTF is
OTFuconv = ϕ̂.
Even if it seems less natural, this definition of the conventional image on the four
dimensions function gives the idea of a “dual” conventional image, udconv, which con-
sists in integrating over the camera points, Xc, for each laser position and replacing
it at the laser position, Xs. With similar steps and defining
∀x ∈ R2, Dˇs(x) = Ds(−x),
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we have
∀Xs ∈ R2, udconv(Xs) =
∫
R2
Isu(Xc, Xs)dXc,
=
∫
R2
∫
R2
(u(y)×Ds(y −Xs))ϕ(Xc − y)dydXc
= ϕ̂(0)
(
u(·) ∗ Dˇs(·)) (Xs). (2.22)
Most of the time, the illumination pattern is symmetrical, meaning that the PSF of
an optical system computing the dual conventional image is the illumination pattern,
under the assumption that ϕ̂(0) = 1. The OTF of udconv is then
OTFudconv = D̂
s.
Remark 5. The PSF of those two systems are respectively ϕ and Ds; these func-
tions are band limited with higher frequency fmax. This means that these two re-
constructions are also band limited with cut-off frequency fmax. However, if we
consider the difference between the emission and excitation wavelengths the two
methods are not exactly equivalent; indeed, we have that supp(ϕ̂) ⊂ B(0, f emmax) and
supp(D̂s) ⊂ B(0, f exmax) and since f exmax > f emmax, the support of OTFudconv is a bit bigger
than the support of OTFuconv.
Comparing (2.21) and (2.22) to (2.19), we see that the creation of the conventional
images correspond to a slice of Îsu(η) on the subspaces defined respectively by {η34 =
0} and {η12 = 0}.
Confocal image
In the case of confocal microscopy (see [15] and the series of derivated articles by
Bertero), the projected pattern is an Airy disk for each scanning point, meaning that
∀s,Ds = ϕ. For each scanning position Xs, the integration of (2.17) is computed
on a disk of radius R, called pinhole, centered on Xs, and the number of collected
photons on the camera pixels Xc within this pinhole is attributed to Xs. Let us call
uconf the created image, we have
∀Xs ∈ R2, uconf(Xs) =
∫
B(Xs,R)
Isu(Xs, Xc)dXc
=
∫
R2
Isu(Xs, Xc)1B(0,R)(Xs −Xc)dXc. (2.23)
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Remark 6. Due to the shape of the Airy spot (see Figure 2.1), a very small number
of photons should be collected beyond the circle of radius ra. In practice, this is not
exactly the case because the fluorophore density is distributed in the three-dimensional
space. It can be seen in Figure 2.2 that the support of the Airy spot in the space
domain depends in fact on the 3rd coordinate. Limiting the photons with a pinhole
is then also a way to eliminate some of the out of focus light. Although a too small
pinhole (R→ 0) would in practice collect too few photons, we shall here consider the
limiting case of the Dirac centered on Xs for its interesting properties.
We compute the Fourier transform of uconf, given by
∀ξ ∈ R2, ûconf(ξ) =
∫
R2
uconf(Xs)e
−i〈Xs,ξ〉dXs
=
∫
R2
∫
R2
Isu(Xs, Xc)1B(0,R)(Xs −Xc)e−i〈Xs,ξ〉dXcdXs
=
∫
(R2)3
u(x)ϕ(x−Xs)ϕ(Xc − x)1B(0,R)(Xs −Xc)e−i〈Xs,ξ〉dxdXcdXs.
Swapping the order of integration, we notice that∫
R2
ϕ(Xc − x)1B(0,R)(Xs −Xc)dXc =
∫
R2
ϕ(Xs − y − x)1B(0,R)(y)dy
=
(
ϕ ∗ 1B(0,R)
)
(Xs − x) ,
giving
ûconf(ξ) =
∫
R2
∫
R2
u(x)ϕ(x−Xs)
(
ϕ ∗ 1B(0,R)
)
(Xs − x) e−i〈Xs,ξ〉dxdXs
=
∫
R2
∫
R2
u(x)ϕ(x−Xs)
(
ϕ ∗ 1B(0,R)
)
(Xs − x) dxe−i〈Xs,ξ〉dXs
=
∫
R2
(
u ∗ (ϕˇ · (ϕ ∗ 1B(0,R)))) (Xs)e−i〈Xs,ξ〉dXs
= F (u ∗ (ϕˇ · (ϕ ∗ 1B(0,R)))) (ξ)
=
(
uˆ×
(̂ˇϕ ∗ (ϕ̂ · 1̂B(0,R)))) (ξ).
This means that the OTF of a confocal imaging system with pinhole of radius R is
OTFuconf = ̂ˇϕ ∗ (ϕ̂ · 1̂B(0,R)).
76 Chapter 2. Super-Resolution Microscopy
To explicit this OTF, we can use that
1̂B(0,R)(ξ) =
2πR
‖ξ‖ J1(R‖ξ‖)
and finally we can write the optical transfer function of the confocal system as
OTFuconf(ξ) =
(̂ˇϕ(·) ∗ (ϕ̂(·)× 2πR‖ · ‖J1(R‖ · ‖)
))
(ξ).
In the particular case where the pinhole is reduced to a Dirac centered on Xs,
Equation (2.23) gives, since Ds = ϕ,
uconf(Xs) =
∫
R2
Isu(Xs, Xc)δXs(Xc)dXc
=
∫
R2
u(x)ϕ(x−Xs)ϕ(Xs − x)dx
=
(
u(·) ∗ (ϕˇ× ϕ) (·))(Xs).
The OTF is then ̂ˇϕ ∗ ϕ̂ and we can see that it corresponds to an integration of
(2.19) on the plane defined by {η12 + η34 = ξ}.
Most of the time the pinhole size is expressed as a proportion of the first zero of
the Airy disk ra, sometimes noted UA for “Unit of Airy”. Figure 2.7 represents the
vertical profiles in space and Fourier domains of the PSF produced by the formula
above for three pinhole values and the Dirac distribution. The Dirac pinhole gives
the best results in terms of high frequencies. But we can also see on Figure 2.7 that
all the frequencies between [fmax, 2fmax] are computed more efficiently in the case of
small pinholes, that is the coefficients corresponding to those frequencies are higher.
As in [104], we present also the normalized and unnormalized OTFs to keep in mind
that a smaller pinhole gives better resolution but requires more light to get the same
amount of photons, which can be a limiting factor in some biological applications.
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Figure 2.7: Comparison of different OTF for confocal imaging with different pinholes: radial
profiles of theoretical normalized PSF and corresponding OTF (first line) and unnormalized PSF
and corresponding OTF (second line) obtained with pinhole size of 0.5 UA, 1 UA, 2 UA (that is
almost ϕ) and reduced to a Dirac in Xs. We see, on the first line, that in the Fourier domain the
cut-off frequency is higher when the pinhole is smaller but also that the frequencies between fmax
and 2fmax are better represented with a smaller pinhole. However, this better resolution is not
without a consequence, as seen on the second line where the unnormalized profiles show that the
number of photons needed to reach the same intensity that the pinhole equal to 2 UA for a Dirac
pinhole is more than twice bigger.
Pixel reassignment method
In 1988, in [102], Sheppard presents the theoretical principle of pixel reassign-
ment, proposing to create an image reassigning the signal from one scanning point
to an intermediate position instead of putting it directly at the scanning point. How-
ever, this technique was implemented more than twenty years ago, in 2010, as it can
be seen in [85].
Developing (2.17) with the definition of the convolution, we have
Isu(Xc, Xs) =
∫
R2
u(x)×Ds(x−Xs)ϕ(Xc − x)dx.
As described in [103], the pixel reassignment method reassigns the signal from
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Xc to the point xr = (1 − a)Xc + aXs, a ∈ [0, 1]. The case a = 12 , where the signal
is reassigned to the middle position between Xs and Xc, gives
upr(xr) =
∫
R2
Isu(Xs, 2xr −Xs)dXs
=
∫
R2
∫
R2
u(y)×Ds (y −Xs)ϕ (2xr −Xs − y) dydXs
= 4
∫
R2
u(y)
∫
R2
Ds(2z)ϕ (2xr − 2y + 2z) dzdy
= 4
∫
R2
u(y)(Dˇs (2·) ∗ ϕ (2·))(xr − y)dy
= 4
(
u ∗ (Dˇs (2·) ∗ ϕ (2·))) (xr).
This also means that the Fourier transform of upr is
∀ξ ∈ R2, ûpr(ξ) ∝ uˆ(ξ)×
(̂ˇDs(1
2
ξ
)
ϕ̂
(
1
2
ξ
))
,
and the OTF in the case of pixel reassignment is then
OTFupr(ξ) ∝
̂ˇDs(ξ
2
)
ϕ̂
(
ξ
2
)
. (2.24)
Taking Ds = ϕ, Formula (2.24) gives that supp(OTFupr) = B(0, 2fmax). A repre-
sentation of this OTF can be seen in Figure 2.8; we can notice that the frequencies
between fmax and 2fmax are not as well represented as in the case of a (theoretical)
conventional imaging system with double resolution, and that the frequency coeffi-
cients after 1.8fmax are quite low. This method consists in a slice of (2.19) on the
subspace defined by {η12 = η34}.
A summary of the action of the four methods in the 4D-Fourier space is presented
in Figure 2.9. In Figure 2.10 and 2.11, some simulations on real data were made by
using the theoretical definition of each OTF. We can clearly see the improvement
of resolution in the space domain by analyzing the separation between filaments
but also in the Fourier domain where the support of the OTFs varies depending on
the methods. The best result is with no doubt obtained by a system using pixel
reassignment; however the resolution is not as good as the one of a system producing
a conventional image with a PSF twice smaller, that is with cut-off frequency 2fmax.
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Remark 7. As mentioned before, this study implies that λem = λex which is not
exactly the case. More precisely, we have that ϕ is limited by f ′max = π · 2NA/λem
and the illumination vector kθ of the grid m
i,θ for the SIM in (2.9) as well as Ds
for the ISM are limited by fmax = π · 2NA/λex. This means that the frequencies in
(2.10) and (2.19) are not exactly contained in the interval [−2fmax; 2fmax] but in the
interval [−fmax − f ′max; fmax + f ′max]
OTF pixel reassignment
OTF widefield
OTF widefield with double resolut ion
Comparison of normalized OTF -  Pixel reassignment and widefields
Figure 2.8: Comparison of the radial profiles of the OTF of a pixel reassignment technique and
conventional imaging systems: in black the OTF of a widefield system (ϕ̂), in red the OTF got by
formula (2.24) for the pixel reassignment system and in blue the OTF of a widefield system whose
resolution is doubled compared to the black one (ϕ̂(·/2)). The support of the OTFupr is larger than
the support of OTFuconv , giving a better resolution to this technique in comparison to a system
performing conventional imaging. However we can see that it is not equivalent at all to an OTF for
a conventional system with double resolution: the coefficients of the OTF are very lower in the case
of pixel reassignment and especially if it could theoretically retrieve frequencies coefficients until
2fmax, we can see that the weight on theses frequencies is close to zero.
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Figure 2.9: Comparison of the 4 methods in the Fourier (4D-)domain: in 1 and 2 conventional
and dual conventional slice the 4D Fourier transform on each axis, in 3 the confocal technique
with a Dirac as a pinhole integrates the 4D Fourier transform on {η12 + η34 = ξ}, in 4 the pixel
reassignment slices the 4D Fourier transform on the subspace {η12 = η34}.
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Conventional with double resolution Conventional image
Confocal image (pinhole 0.6ra) Pixel reassignment
Figure 2.10: Comparison of a conventional image with real doubled resolution with 3 ISM tech-
niques on an image of filamentous actin. The results are from left to right: conventional image
with a PSF twice smaller than the original PSF - conventional image with constant illumination
- confocal image with a pinhole of 0.6ra - pixel reassignment image. The images were generated
computing the product of the Fourier transform of the original image and the theoretical OTF
computed above. We can gradually see some filaments separation appearing with the different
methods; the red profile on the original image is shown for the 4 images in Figure 2.12. It is clear
that the pixel reassignment has a better resolution than the other two techniques but we can see
that it does not reach exactly the factor 2 (contrary to the first image).
Image from cellimagelibrary.org by Dennis Breitsprecher for 2010 Olympus BioScapes Digital Imag-
ing Competition is licensed under CC BY-NC-ND 3.0 - a frequency cut (explained in Chapter 3)
as well as a periodic plus smooth decomposition [83] was performed on the image; the ground truth
image is the periodic component.
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Conventionnal with double resolution Conventional image
Confocal image (pinhole 0.6ra) Pixel reassignment
Figure 2.11: Comparison of Fourier transforms of images from Figure 2.10; the modulus of
the Fourier transform is represented, in logarithmic scale, corresponding to from left to right:
conventional image with an OTF twice bigger than the original one - conventional image with
constant illumination - confocal image with a pinhole of 0.6ra - pixel reassignment image. We
clearly see the support of the Fourier transform increasing with the methods, but as said before,
none of the method retrieves the frequency coefficients until 2fmax and none of them reach the
resolution of an hypothetical system with a PSF twice smaller than the real one.
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Figure 2.12: Cross-sections from Figure 2.10 (in red on the first image): in red a conventional with
resolution twice better enables to see the separation of each filament and to compare the different
methods. As explained before, the conventional has the worst resolution, and we can see that
confocal and pixel reassignment techniques separate more or less the filaments but this separation
is stronger for the pixel reassignment (in green). Once again, we can notice that not all details
are retrieved: the last part of the profile is made of two peaks, as shown on the conventional with
double resolution, but none of the methods could resolve the separation between those peaks.
Remark 8. The comparison we present is considering a non-noisy acquisition but,
in practice, this never happens. It would be interesting to also measure the amount
of noise produced by this methods to be totally impartial in their comparison.
2.3.3 Non linear reconstruction methods for an ISM acqui-
sition
The image formation (2.17) can be written as HM su(Xc), where H is the convo-
lution operator and M s the operator of multiplication with Ds centered on Xs. The
MAP estimate, that computes the more plausible image knowing the data (a more
precise definition of this estimate can be found in the following, in Chapter 4), of an
acquisition of noisy realizations noted (vs)s=1,...,S is given by
uMAP = argmax
u
p(u|(vs)s) = argmax
u
p((vs)s|u)p(u). (2.25)
In the case of fluorescence microscopy, usual prior on u is its positivity. Indeed the
number of photons reaching the sensor is always a positive value.
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Supposing Gaussian noise assumption, we have
p((vs)s|u) ∝ exp
(
−‖vs −HM
su‖
σ2
)
.
However due to the quantized nature of light, the assumption used in microscopy
is more often the presence of Poisson noise (see for instance [94]). The number of
collected photons, which is always an integer value, is a Poisson variable, meaning
each vs is a realization of Vs with
Vs ∼ P (HM sU)⇔ P(Vs = vs |U = u) = (HM
su)vs
vs!
e−HM
su,
and assuming independence between the (Vs), we have
p((vs)s|u) =
∏
s
(HM su)vs
vs!
e−HM
su.
We can then replace in (2.25) using one or the other probability. With a positivity
prior on u, the problem using the negative logarithm of the expression for Poisson
noise can be written as an energy minimization
uMAP = argmin
u≥0
∑
s
HM su− vs log(HM su) = argmin
u≥0
E(u). (2.26)
The function E(u) is convex and differentiable; a projected gradient descent can
estimate the solution of (2.26). This requires the computation of the gradient of
the energy, but also the discretization of the problem as precisely as possible, in
particular the operators H and M s. These points are presented in Chapter 3.
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Chapter 3
Discretization of the Imaging
Scanning Microscopy model
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Given a continuous function from Rd to R, choosing the proper samples to be
able to reconstruct correctly the initial signal is not an easy task (see Figure 3.1).
We present the link between a continuous function, its continuous Fourier transform
and the discrete samples of the function, as well as the Discrete Fourier Transform
associated to these samples. From Shannon’s theorem can be derivated the Shan-
non interpolate, which will define the relation between the discrete and continuous
images all along this chapter.
With all those considerations, we can define how to perform accurately basic
operations on the discrete images; these operations are composing the operator H
characterizing the ISM model. An algorithm of discretization is then proposed.
Figure 3.1: Illustration of discretization issues: two very different functions, a sine function (black)
and a constant function (blue) can have the same samples (red dots); we then cannot expect to
reconstruct the initial signals with those samples. In which conditions can we precisely recover the
original signal from its samples?
3.1 Discrete representation of a signal
Given u˜ a continuous function from R to R, we present the operation of sampling
it into a set of finite samples. This part refers to [3] where a synthesis of the tools
used in Shannon theory is well described. This part is written with one-dimension
signals for an ease of read (with some examples in two-dimensions, with images) but
it can easily be transposed to higher dimensions.
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3.1.1 Definition of sampling in space and Fourier domains
We recall the definition of the Dirac comb and its Fourier transform,
Πl =
∑
j∈Z
δjl, Π̂l =
2π
l
× Π 2pi
l
.
The sampled version of u˜, with sampling rate T , is denoted u. It verifies for all
k in Z, u(k) = u˜(kT ), which can be written using a Dirac comb as
u = u˜ · ΠT . (3.1)
Thanks to Fourier transform property (2.2), we know that (3.1) is equivalent,
using the Fourier transform of the Dirac comb, to
û =
1
T
(̂˜u ∗ Π 2pi
T
)
, (3.2)
meaning that the Fourier transform of u, is a periodization, of period 2π/T , of the
Fourier transform of u˜.
3.1.2 Shannon theorem
Shannon Theorem [101] states that, given T > 0, if u˜ ∈ S and the support of ̂˜u
is included in
[− pi
T
, pi
T
]
, that is
∀ξ s.t. |ξ| > π
T
, ̂˜u = 0,
then
∀x ∈ R, u˜(x) =
∑
k∈Z
u˜(kT )sinc
( x
T
− k
)
, (3.3)
with
∀t ∈ R∗, sinc(t) = sin(πt)
πt
and sinc(0) = 1.
This is a very powerful theorem because it means that a band-limited signal can
be recovered exactly thanks to a set of (infinite) discretized samples, computing a
convolution between the sampled signal and a cardinal sine function. As we said
in the previous Chapter, the signal created within a microscope is band-limited so
that this hypothesis suits the signals that we study. However it is impossible to get
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an infinite number of samples. We have to make an hypothesis on the values of
u(k) outside of its set if definition, here defined as the range {0, ..., N − 1}. In the
following, we choose the N -periodicity hypothesis, meaning that the sampled signal
u is defined by
∀k ∈ Z, u(k +N) = u(k).
The computations are then performed on one period. Since we supposed that
u = u˜ΠT , the N -periodicity hypothesis is also true for u˜.
Remark 9. Using the periodicity hypothesis is more appropriate than for instance
supposing that the signal is zero outside of the domain because according to (3.3) a
discrete signal with constant values would be interpolated by an oscillating function
(due to the sine cardinal function).
Remark 10. The condition on the Fourier spectrum for Shannon theorem is quite
intuitive: since a sampling at rate T creates a duplication of the spectrum at a period
of 2π/T (Equation (3.2)) in the Fourier domain, the condition F(u˜) ⊂ [− pi
T
, pi
T
]
ensures that the original spectrum does not interfere with its periodization (see Figure
3.2 (a) for instance). Thus, this theorem also means that having a band-limited
signal, with cut-off frequency fmax, sampling at frequency 2fmax is enough to recover
the whole signal with Formula (3.3); this frequency is sometimes called the Nyquist
frequency. Choosing a smaller frequency (and then a higher sampling step) does not
guarantee the equality given by Equation (3.3) anymore.
3.1.3 Discrete Fourier Transform
The periodicity hypothesis is also quite convenient because it enables to use the
Discrete Fourier Transform, DFT. We recall that the definition of the Discrete Fourier
Transform, û, of a N-periodic signal u is
∀p ∈ Z, û(p) =
N−1∑
k=0
u(k)e−
2ipipk
N (3.4)
and that the inverse transform is defined as follows
∀k ∈ Z, u(k) = 1
N
N−1∑
p=0
û(p)e
2ipipk
N .
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(a) DFT of a signal sampled at (b) DFT of a signal sampled at
a correct frequency f a frequency f too small
Figure 3.2: Periodization of the spectrum of band limited signals due to sampling: in (a), the
sampling rate was correctly chosen (frequency higher or equal to Nyquist frequency), the periodic
components do not interfere with the initial spectrum; in (b), the sampling rate was chosen too big
so that there is an interference between the initial spectrum and its periodic components.
Setting Û = (û(p))p=0,...,N−1 and U = (u(p))p=0,...,N−1, we have Û = FU with
F =

1 1 · · · 1
1 e−
2ipi
N · · · e− 2ipi(N−1)N
...
. . .
...
1 e−
2ipi(N−1)
N e−
2ipi(N−1)(N−1)
N
 , (3.5)
and we can see that U = 1
N
F ∗Û , where F ∗ is the transposed conjugate matrix of F .
The DFT is also N-periodic. Defining the convolution for two N-periodic signals
u and v by
∀j ∈ {0, . . . , N − 1} , u ∗ v(j) =
N−1∑
i=0
u(i)v(j − i), (3.6)
we have, as in the continuous case, û ∗ v = û · v̂. The term 1
N
in the definition of the
inverse DFT gives that û · v = 1
N
(û ∗ v̂).
This means that performing the multiplication of the discrete spectra, obtained
by the DFT, produces the result of the periodic convolution. We should keep this
consideration in mind because in some cases, the convolution to perform is not a
periodic one.
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This periodization of u˜ enables to define the distribution U ∈ S ′ (see [3]) such
that
U =
N−1∑
k=0
u˜(kT )
∑
l∈Z
δ(k+lN)T =
N−1∑
k=0
u(k)
∑
l∈Z
δ(k+lN)T .
Its Fourier transform is then given by
∀ϕ ∈ S,
〈
Û , ϕ
〉
=
N−1∑
k=0
u(k)
〈∑
l∈Z
δ(k+lN)T , ϕ̂
〉
=
N−1∑
k=0
u(k)
〈∑
l∈Z
δlNT , τkT ϕ̂
〉
.
Setting gk : x 7−→ e−ikxϕ(x), we have
∀ϕ ∈ S,
〈
Û , ϕ
〉
=
N−1∑
k=0
u(k)
〈∑̂
l∈Z
δlNT , gkT
〉
=
〈
2π
NT
Π 2pi
NT
,
N−1∑
k=0
u(k)gkT
〉
=
〈
2π
NT
∑
p∈Z
δ 2pip
NT
,
N−1∑
k=0
u(k)gkT
〉
=
2π
NT
∑
p∈Z
N−1∑
k=0
e−ikT
2pip
NT ϕ
(
2πp
NT
)
u(k)
=
2π
NT
∑
p∈Z
ϕ
(
2πp
NT
)N−1∑
k=0
e−ik
2pip
N u(k).
Using the definition û(p) =
N−1∑
k=0
e−ik
2pip
N u(k), we obtain
〈
Û , ϕ
〉
=
2π
NT
∑
p∈Z
ϕ
(
2πp
NT
)
û(p)
=
〈
2π
NT
∑
p∈Z
δ 2pip
NT
û(p) , ϕ
〉
,
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and we can see that
Û =
2π
NT
∑
p∈Z
δ 2pip
NT
û(p). (3.7)
This means that the Fourier transform of U can be described with the values of
û(p), weighted by 2π/NT . This formula establishes the link between the frequency
coefficients of the periodic continuous signal and the coefficients of the DFT, com-
puted with the samples of the continuous signal.
3.1.4 Aliasing
Developing the formula of periodization due to a sampling at rate T leads to
∀ξ ∈ R, û(ξ) = 1
T
(̂˜u ∗ Π 2pi
T
)
(ξ) =
1
T
∑
n∈Z
̂˜u(ξ − 2π
T
n
)
, (3.8)
so that in the case where supp(̂˜u) ⊂ [− pi
T
, pi
T
]
, the frequencies of the sampled signal
correspond to the real ones since
∀ξ ∈ R, ∀n ∈ Z, n 6= 0, ̂˜u(ξ − 2π
T
n
)
= 0.
However if the assumption supp(̂˜u) ⊂ [− pi
T
, pi
T
]
is not satisfied, the discretized fre-
quency coefficients contain their real values but also “aliases” (shown in red in Figure
3.2) because the high frequencies components (higher than pi
T
) interfere with the low
ones, more precisely, according to Formula (3.8), their energy will be added to the
energy of the low discrete coefficients.
An operation like the sub-sampling should be performed carefully because it can
create aliasing. Indeed, the “naive” method consists in taking one point over s of the
discretized signal, s the sub-sampling step (s > 1). Given a band-limited signal u˜,
with supp(u˜) ⊂ [− pi
T
, pi
T
]
, and u its sampling at rate T, we can compute the Fourier
transform of the signal created with 1 point over s, us, ûs,
us = u× Πs = u˜× ΠsT ⇐⇒ ûs = 1
sT
(̂˜u ∗ Π 2pi
sT
)
.
The Fourier transform is then periodized with a period of 2π/sT , which is smaller
than 2π/T , producing aliasing. An example of this phenomenon is presented in
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Figure 3.3 where a sub-sampling of s = 2 has been performed on the original image
containing energy in the high frequency components. The aliasing effect is clearly
visible on the Fourier transform (red arrows). In comparison, we present the result
cutting half of the spectrum (to obtain the same size and resolution), that is
ûs = û1[−pis ;pis ]
.
However, this multiplication in Fourier by a rectangular function means a convolu-
tion in the space domain with a cardinal sine function, which can create artifacts
called ringing, characterized by a duplication of the edges (in the space domain). A
convolution of the image with a small Gaussian kernel can attenuate the effects of
ringing, but of course it modifies the spectrum of the final image.
3.2 Operations on discretized signals using DFT
Because sampling a signal at a rate T is equivalent to periodize its spectrum at
a period 2π/T , any operation on the discrete image must be performed carefully.
Thanks to Shannon theorem, we can define an interpolation called the Shannon
interpolate [3], from which derives definitions of basic operations on images, such as
zoom or translation.
3.2.1 Discrete Shannon interpolation
We now focus on the two-dimensional case, because it slightly differs from the
one-dimensional one. All this part is inspired by [3], with a sampling step T 6= 1.
Given Ω = {0, . . . , N − 1} × {0, . . . ,M − 1}, we recall that u is the Ω-periodic
discretization of u˜ with a sampling step value of T , u : Ω→ R. In the following, we
suppose that N and M are odd numbers. We set U such that
∀(x, y) ∈ R2, U(x, y) =
∑
(k,l)∈Z2
u(k, l)sinc
( x
T
− k
)
sinc
( y
T
− l
)
=
∑
(p,q)∈Z2
∑
(k,l)∈Ω
u(k, l)sinc
( x
T
− k − pN
)
sinc
( y
T
− l − qM
)
=
∑
(k,l)∈Ω
u(k, l)sincdN
( x
T
− k
)
sincdM
( y
T
− l
)
, (3.9)
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Figure 3.3: Illustration of aliasing in the case of sub-sampling; first row in the space domain,
second row in the Fourier domain (modulus in logarithmic scale), from left to right: original image
- sub-sampled image obtained by taking one point over two in the space domain - sub-sampled
image obtained by spectrum cut. In red corresponds half of the spectrum of the original image,
that is exactly the spectrum of (c). On the second column, we clearly distinguish the aliasing
pointed by the red arrows. On the last image, this artifact has been avoided by cutting directly the
spectrum. We can notice, in the space domain, the ringing artifact, that is the replication of some
edges, due to the fact that a crop in Fourier domain corresponds to a multiplication by a cardinal
sine function in the space domain.
with sincdN(x) = limn→+∞
∑n
p=−n sinc(x− pN). It is proven in [3] that
sincdN(x) =
1
N
⌊N/2⌋∑
α=−⌊N/2⌋
e2ipi
αx
N . (3.10)
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Formula (3.9) becomes for all (x, y) ∈ R2
U(x, y) =
∑
(k,l)∈Ω
u(k, l)
1
N
⌊N/2⌋∑
α=−⌊N/2⌋
e2ipi
α( xT −k)
N
1
M
⌊M/2⌋∑
β=−⌊M/2⌋
e2ipi
β( yT −l)
M
=
1
NM
⌊N/2⌋∑
α=−⌊N/2⌋
⌊M/2⌋∑
β=−⌊M/2⌋
∑
(k,l)∈Ω
u(k, l)e−2ipi(
αk
N
+ βl
M )e2ipi(
αx
TN
+ βy
TM ), (3.11)
where we can recognize the two-dimensional discrete Fourier transform of u, û,
U(x, y) =
1
NM
⌊N/2⌋∑
α=−⌊N/2⌋
⌊M/2⌋∑
β=−⌊M/2⌋
û(α, β)e2ipi(
αx
TN
+ βy
TM ). (3.12)
U is called the discrete Shannon interpolate, and is constructed with the DFT
coefficients of u. From now on, it will represents the link between the discrete
sampled image, and more especially its discrete Fourier transform, and the con-
tinuous image. We denote Ω̂ the set of discretization of the frequencies; we have
Ω̂ =
{ −⌊N
2
⌋, . . . , ⌊N
2
⌋}× { −⌊M
2
⌋, . . . , ⌊M
2
⌋}.
3.2.2 Sub-pixel translation
Using (3.9), the translation of a signal of t = (t1, t2) ∈ R2, represented by the
linear operator τt, is defined by
∀(k, l) ∈ Ω, τt(U)(k, l) =
∑
(i,j)∈Ω
u(i, j)sincdN
(
k − t1
T
− i
)
sincdM
(
l − t2
T
− j
)
,
which can be written if N and M are odd numbers, using (3.11), as
∀t ∈ R2, ∀(p, q) ∈ Ω̂, τ̂t(u)(p) = e−2ipi(
pt1
TN
+
qt2
TM )û(p, q). (3.13)
It satisfies lim
t−→0
1
t
‖τt− Id‖2 is minimal (see [3] for a demonstration of this property).
This defines a way to compute invertible non-integer translations, which only
consists in a multiplication by a complex exponential in the Fourier domain. Figure
3.4 summaries how a sub-pixel translation can be performed with this method; the
steps are: compute the DFT of the image, multiply it by the exponential defined in
(3.13) and compute the inverse DFT to obtain the translated image. It should be
kept in mind that we set the hypothesis that the images are Ω-periodic; this explains
that the translated image in Figure 3.4 presents a recopy of pixels from the bottom
to the top and from the left to the right of the image.
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DFT→ ×
i·
= DFT
−1→
(a) Initial
image
(b) DFT of
(a)
(c)
Expo-
nential
(d) Multipli-
cation
(e)
Translated
image
Figure 3.4: Illustration of the non-integer translation described by Formula (3.13): a translation
of t = (−16.9, 19.3) is performed on the image (a). The steps are: (b) computation of the Discrete
Fourier Transform of the original image, (c) creation of the complex exponential defined in (3.13)
with the correct value of t, (d) multiplication of (b) by (c) and (e) computation of the inverse
discrete Fourier transform of the multiplication. The periodic assumption explains that the pixels
from the bottom were copied on the top and the pixels from the right to the left.
3.2.3 Multiplication of discretized images
We recall the a multiplication in the space domain is equivalent to a convolution
in the Fourier domain. The convolution, by its definition, produces a signal whose
support is bigger than the initial signals. Due to periodicity of the Fourier trans-
form induced by the discretization, the Fourier Transform of the signal obtained by
direct multiplication can be inexact. This phenomenon is presented in Figure 3.5;
we chose to multiply in the space domain the images of two Gaussian kernels with
standard deviation σ, chosen so that the discrete Fourier transform, which is also a
Gaussian function, vanishes quite slowly (meaning that the Gaussian signal in the
space domain is quite compact, which is why we present the kernel and results only
in the Fourier domain). The multiplication can be explicitly computed (it is still a
Gaussian function, but not normalized) and we can compare the direct pixel-wise
multiplication to the theoretical result. We can see that the computation is not ex-
act, due to the fact that the support of the convolution of the two spectra is bigger
than the size of the final image and therefore aliasing is created. The multiplication
needs to be performed with another method.
According to Formula (3.12), adding zeros to the discrete Fourier transform of
u does not change the value of its Shannon interpolate U . This method is called
zero-padding and we will see that it enables to zoom any signal. For M ′ > M ,
N ′ > N , such that M/M ′ = N/N ′, let us define ûzp on Ω̂′ =
{ −⌊N ′
2
⌋, . . . , ⌊N ′
2
⌋} ×
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(a) DFT
original signal
(b) DFT direct
multiplication
(c) DFT multiplication after
zero-padding
Figure 3.5: Illustration of the apparition of aliasing in the spectrum in the case of multiplication
of two discrete images: (a) modulus of the discrete Fourier transform of the original image (a
Gaussian function with σ = 1), (b) modulus of the discrete Fourier transform of the (direct) pixel-
wise multiplication of this image by itself, (c) modulus of the discrete Fourier transform of the
multiplication of the image (a) by itself using zero-padding (of factor 2), described by Formula
(3.14), before pixel-wise calculation. On the images, we can guess that, in the case of direct
calculation, the support is too small but the conclusion is clear looking at the horizontal section
below, where the theoretical result is compared to both methods. Due to a support too small
for the spectrum of the final image, the periodic convolution creates artifacts, due to the mix of
the energy of the correct frequency components and the one created outside of Ω̂ because of the
convolution. On the contrary, using zero-padding in Fourier domain before multiplying the images
creates an image with no artifacts, the values are correct, compared to the theory. The final image
with zero-padding is twice bigger than the input image and has a twice thinner sampling rate.{ −⌊M ′
2
⌋, . . . , ⌊M ′
2
⌋} by
∀(p, q) ∈ Ω̂′, ûzp(p, q) =
{
û(p, q) if |p| < N/2, |q| < M/2
0 otherwise
. (3.14)
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The inverse discrete Fourier transform of ûzp is
∀k ∈ Ω′, uzp(k, l) = 1
N ′M ′
∑
(p,q)∈Ω′
ûzp(p, q)e−
2ipikp
N′ e−
2ipikq
M′ ,
which is the DFT of u, weighted by a factorMN/M ′N ′. We recall that u was chosen
so that u(k, l) = u˜(kT, lT ) and whose DFT coefficients are defined as in Formula
(3.4). Therefore, we have the equality
M ′N ′
MN
uzp(N ′ − 1,M ′ − 1) = u(N − 1,M − 1) = u˜((N − 1)T, (M − 1)T )
which leads to
∀(k, l) ∈ Ω′, uzp(k, l) ∝ u˜(kT ′, lT ′), with T ′ = T ×N/N ′.
Since N ′ > N and M ′ > M , it comes that T ′ < T , meaning that the signal was
zoomed by a factor z = M ′/M = N ′/N , without modifying the Shannon interpolate.
This operation defines the first step to perform before multiplying two discrete
images v and w: we first compute the corresponding ûzp and v̂zp using Formula
(3.14) and then compute the pixel-wise multiplication. A zoom of 2 ensures that the
periodizations of the two spectra do not interfere, however if the image are known to
be band-limited, a zoom leading to a size bigger than the (integer) discrete value of
supp(v̂)+supp(ŵ) is enough. The result of the multiplication of the Gaussian kernels
is presented in comparison to the direct calculation in Figure 3.5 and shows that this
method enables to compute correctly the spectrum. A zoom of 2 was compulsory in
this case because the support of the initial spectrum is the entire domain Ω̂. The
support of the convolution is bigger than Ω̂; in the case of the direct computation,
the energy of the frequency coefficients outside of the initial support, were added to
the ones inside Ω̂, leading to the wrong result.
Remark 11. The only requirement for creating ûzp is that M ′, N ′ are integer values,
meaning that any zoom z ∈ R such that z = M ′/M = N ′/N , with M ′, N ′ and M ,N
integers can be performed.
Another advantage of this method as a zoom method is that it does not create
false values for the unknown frequency coefficients, contrary to some other interpo-
lation methods (see Figure 3.6 where several methods are compared to this one, in
space and Fourier domains). This property can be useful for posterior treatment of
the image.
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Zero-padding Nearest neighbor Bilinear Spline
Figure 3.6: Comparison of zoom methods; a zoom (of factor 2) on the image of Figure 3.4 was
performed, on the first row we present only a crop of the zoomed image (part of her hat); on
the second row, we present the Fourier spectrum (in logarithmic scale) of the whole images. The
methods used are: zero-padding in the Fourier domain, nearest neighbor interpolation, bilinear
interpolation and spline interpolation (order 5). Except for the nearest neighbor interpolation,
results in the space domain seem visually quite similar on this image. However, in the Fourier
domain, some information was “created” in the three other methods. Zero-padding preserves exactly
the spectrum of the original image.
3.2.4 Subsampling and convolution with band-limited sig-
nals
According to Formula (3.12) again, we can notice that if the discrete Fourier
coefficients of u are zero outside a certain domain J−ρ, ρK2, the interpolate is not
modified by taking only the coefficients of the DFT, (α, β) ∈ J−ρ, ρK2. If we denote
us the image whose discrete Fourier Transform is composed of those of u on the
domain J−ρ, ρK2, the number of coefficients in the discrete spectrum is reduced (in
comparison to u) creating an image with a different sampling. The sampling of us is
given by T ′ = (T ′x, T
′
y) with
T ′x = T ×
N
2ρ+ 1
> T and T ′y = T ×
M
2ρ+ 1
> T.
Remark 12. As we explained before, the PSF ϕ (as well as the illumination pat-
tern), is band-limited, meaning that the coefficients of its Fourier transform equal
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zero outside of the disk centered on the frequency 0 and of radius fmax, the cut-off
frequency. Using Formula (3.7), we can compute the discrete cut-off frequency in
each direction, pmax and qmax, given by
2πpmax
NT
≥ fmax, 2πqmax
MT
≥ fmax,
so that the discrete frequency coefficients outside of the elliptical domain defined by{
(p, q);
∣∣∣∣ ppmax
∣∣∣∣2 + ∣∣∣∣ qqmax
∣∣∣∣2 ≤ 1
}
with pmax =
⌈
fmaxNT
2π
⌉
and qmax =
⌈
fmaxMT
2π
⌉
equal zero. Only the frequency coefficients between J−pmax, pmaxK× J−qmax, qmaxK are
necessary to compute the multiplication of the spectra, representing the convolution.
What is interesting for the ISM model, is that given the PSF ϕ and the sample
u at a different resolution, the convolution can be performed at the resolution of ϕ,
with no loss of information, for the same reason: ϕ is band-limited, the frequency
coefficients outside of the disk of radius equal to the discrete value of fmax are null.
3.2.5 Non-periodic convolution
However, we recall that multiplying the discrete Fourier transforms on Ω̂ to com-
pute the convolution performs the Ω-periodic convolution. However, the hypothesis
of periodicity is not true and can create artifacts, on the border of the image, as
shown in Figure 3.7, due to the “copy”, the periodization, of the image on each bor-
der of the original image. We therefore present how to use the periodic convolution
to be able to compute a non-periodic convolution.
In the following, the explanation is described for one-dimensional signal for an
ease of read, but could be transposed in two dimensions straightforwards. We recall
that the non-periodic convolution, represented by the operator ∗○, between u and v
both defined on J0, N − 1K is given by the formula
∀k ∈ J0, 2N − 2K , w(k) = u ∗○v(k) = ∑
l∈J0,N−1K
k−l∈J0,N−1K
u(l)v(k − l). (3.15)
Let us now consider the extended signals uˇ and vˇ, of size 2N − 1, such that
uˇ(k) =
{
u(k) if k < N
0 otherwise
and vˇ(k) =
{
v(k) if k < N
0 otherwise
, (3.16)
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then we have that u ∗○v(k) = uˇ∗uˇ(k) with the operator ∗ as defined in Formula (3.6),
representing the periodic convolution. By adding some zeros to the original signal,
we can use the periodic convolution (that is the one performed multiplying the two
spectra obtained by discrete Fourier transforms) to compute the non-periodic one.
Since the convolution kernel, in our case the point spread function of the optical
device, ϕ, has a smaller (spatial) support than the biological sample, u, the number
of additional zeros should equal the (discrete) size of the support of ϕ (along each
direction). By adding half of this number on each border of the image, the non-
periodic convolution is obtained by cropping the center of the image. Figure 3.7
compares the computation with and without the additional zeros.
Figure 3.7: Illustration of the periodic convolution. From left to right: initial image - initial
image convolved with a Gaussian kernel ϕ, computing the inverse Fourier transform of the product
of the two spectra - crops corresponding to the same area of interest on both results - initial image
convolved with the same Gaussian kernel k, with zeros added, divided on both sides, along each
direction, before computing the product of the two Fourier spectra, followed by the inverse Fourier
transform. The rectangle in dashed line represents the result of the non-periodic convolution, with
same size as the initial image. The crop area, chosen on the border of the initial image, shows the
effect of the periodic convolution. Even if it is barely visible on the image of the whole sample,
due to the fact that these pixels have a lower value in comparison with the rest of the pixels, this
phenomenon is noticeable all along the border of the image. The extension with zeros enables to
remove the artifact.
Original image from cellimagelibrary.org by Michael Cammer and Phyllis Novikoff.
3.3 Discretization of an ISM method
In the following, using the different definitions of the operations on discretized
images developed in the previous section, we describe the discretization of the phys-
ical process of the Image Scanning Microscopy, represented by the operator H.
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Before going into the description of this discretization, we would like to recall that
the images of an ISM method are acquired by a camera. This camera has a (fixed)
sampling step of rc. The only requirement about rc is that it enables to see the
smallest visible details, meaning that it should be smaller than the limit described
by Abbe, that is
rc ≤ λ
2NA
,
for a wavelength λ and an objective with numerical aperture NA.
As explained in Remark 10, the scanning distance between two points should be
at least λ/(4NA). The scanning points are not necessarily equally distributed on
the sample, but we suppose that between two consecutive points, this condition is
respected.
Taking λ = 480nm, NA = 1, we then have to take an image every 120 nm, mean-
ing that for imaging a 10µm×10µm area, we need around 7000 scanning positions
(meaning 7000 images). On top of that, if we use various illumination patterns, we
might need this number of scan points for each of them, leading to several tens of
thousands of images. That is the reason why we try to minimize the size of the
different operations we present afterwards, so that the implementation needs as less
memory as possible and also so that the algorithms using this discretization are as
fast as possible.
As explained in Chapter 2, the continuous formulation of an ISM problem is
described for a scanning point Xs by
∀x ∈ R2, I˜su(x,Xs) =
((
u˜(·)× D˜s(· −Xs)
)
∗ ϕ˜(·)
)
(x), (3.17)
We suppose that u˜, D˜s and ϕ˜ are periodic and band-limited (true for D˜s and ϕ˜
which are created within the microscope). Since multiplication and convolution can
be written as linear operators, we can find H such that the discretized version of I˜su,
Isu can be written as
Isu = Hu.
We now present how to discretize the operator H; using the Shannon interpolate,
we can transpose the continuous formulation of H in the discrete domain. The only
constraint is the assumption of periodicity on the sample, but we only work on one
period.
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3.3.1 Description of the operator H
Since we have a sampling step of rc on the camera, I
s
u(p, ·) represents the contin-
uous sample at p · rc, that is
∀p ∈ Z2, ∀(Xs)s∈J1,SK, Isu(p,Xs) = I˜su(p · rc, Xs).
The continuous image describing the imaged sample (or more precisely its lo-
cal density of fluorophores) can be represented with a discrete image u(k, l), k ∈J0, N − 1K, l ∈ J0,M − 1K thanks to Shannon Theorem. The image u is sup-
posed to be sampled with sampling step of ru, ru < rc, since u has a better res-
olution than Isu, it should contain smaller details than λ/(2NA) (otherwise, super-
resolution is not needed). The discretized operator H enables to compute the im-
ages (Isu(p,Xs))p∈J0,n−1K×J0,m−1K, s∈J1,SK from u. The (I
s
u(p,Xs))p,s are called “micro-
images” because their size and resolution are smaller than the ones of u.
If we concatenate all the transposed rows of the image u (creating a one-dimensional
signal uc of size N×M) and if we note (n,m) the sizes of the micro-images obtained,
the operator H : RN×M −→ Rn×m×S can be written matricially as
Discretized sample pixels (uc(k))k∈J0,N×M−1K−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
M
ic
ro
-i
m
a
g
es
p
ix
el
s
(S
×n
×m
) y
H =

 h0,0...
hnm−1,0


impact of  h0,N...
hnm−1,N


impact of
uc(0) on the . . . uc(N − 1) on the
first micro- first micro-
image image
...
...hS(n−1),0...
hSnm−1,0


impact of hS(n−1),N...
hSnm−1,N


impact of
uc(0) on the . . . uc(N − 1) on the
last micro- last micro-
image image

.
In practice, H is never computed as a matrix, because its size is quite big and
because it is, in reality, very sparse. The two main operations composing H are the
multiplication of the discretized sample with the discretized illumination pattern and
the convolution with the discretized PSF. However for the first one, we also need to
compute the illumination at the correct resolution and positioned at laser impact
Xs. In addition to that, we have to perform a sub-sampling, to reach the camera
sampling step, rc.
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In the following, we consider that the laser positions (Xs)s∈J1,SK, Xs ∈ R2, are
known precisely. They are not necessarily located on one pixel of the discrete im-
age u, requiring a non-integer translation to position the illumination at the exact
location of the impact. A discretized version of each illumination pattern, noted Ds,
at a sampling rate rD and size ND, centered on XD (XD ∈ R2 can to be made of
non integer values, but each coordinate belongs to [0, Nd− 1]; for an ease of writing,
we suppose that all the illumination patterns are centered on the same point) and a
discretized version of the PSF, ϕ, at a sampling rate rc (the same as the measured
micro-images) and size Nϕ (odd number) and supposed centered on the middle of
the image are given.
Remark 13. The term “centered” for the illumination is not totally exact because
it implies that it is isotropic which is not always the case, as it will be presented in
the next section. It means that the image Ds is the result of the illumination pattern
when the laser corresponding to the shape projected in scanning point Xs impacts at
position XD. However we may employ “centered” in the following, always in that
sense when it concerns the illumination patterns.
Remark 14. If the PSF is given at a different sampling rate then rc, a spectrum cut
can be performed to reach the sampling rate rc with no loss of information. Anyway,
the PSF and the illumination patterns are either calibrated with theoretical formula
or obtained thanks to a calibration that is performed using the same camera as for
the acquisition. In the first case, the sampling rate can be a parameter of the model,
and in the second one, the sampling rate should be directly rc or proportional to rc.
3.3.2 Considerations on the signals
In the following, we consider that all the sizes used during the different operations
on the images are the same along both directions, so that it simplifies the writing.
In particular, we have for the final micro-images n = m. This choice can be ques-
tionable if the illumination pattern has a privileged orientation, that is its shape is
really bigger in one direction than in the other one, but the calculations could easily
be adapted to this case.
We suppose that supp(̂˜u) ⊂ [−π/ru, π/ru]2. Since the illumination pattern ̂˜Ds
and the PSF ̂˜ϕ are created within the microscope, they are band-limited, with respec-
tive supports B(0, f ′max) and B(0, fmax), if we take into account that their wavelengths
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are not the same. In addition to be band-limited, we assume that each illumination
pattern condenses most of its intensity around its impact position. This means that
for any discretized illumination pattern, d, with sampling rate rd, of size Nd, pro-
jected at position (X, Y ), we can compute an “area of action” of the illumination,
centered on (X, Y ) and whose radius Rd is defined as
Rd = rd · R˜d with R˜d = min
R

∑
k∈JX−R,X+RK, l∈JY−R,Y+RK
d(k, l)∑
k∈J0,Nd−1K, l∈J0,Nd−1K
d(k, l)
> α
 , α ∈ [0.9, 1].
(3.18)
This is also true for the PSF, for which we consider that all its energy is condensed
in the circle centered on the middle of the PSF and of radius pra, where ra is the
Airy radius (in nanometer) and p can be seen as a virtual pinhole, as in the confocal
method. This virtual pinhole also permits to remove out of focus light.
Remark 15. Given a representation of d at resolution r the value in pixel of the
radius is given by Rd/r.
Remark 16. The hypotheses that the images are both band-limited and with spatial
compact support are in reality incompatible. This is an approximation we have to
make to be able to perform the calculations.
3.3.3 Multiplication sample - illumination pattern
Zero-padding and crop of the sample for the multiplication
The multiplication between the sample u and the illumination pattern should be
performed at the resolution of u since it has the best resolution. The image of the
illumination pattern should then be zoomed to reach the resolution ru. However,
as we mentioned before, the multiplication cannot be performed directly pixel-wise,
because there is a risk of aliasing in the spectrum of the resulting image. A first step
of zero-padding should be performed. An extension by zeros of the spectrum of u to
reach the double of its initial size (that is a resolution of ru/2) assures the correct
calculation. However, since we now that the illumination is band-limited, we can
compute the discrete value of the frequency cut defined using Equation (3.7), ρruDs ,
given by
2πρruDs
N ′ru
= f ′max ⇔ ρruDs = N ′ru
f ′max
2π
, N ′ = max(N,M).
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We define uz for p = (p1, p2) ∈ [0, N + (2× ⌈ρruDs⌉]× [0,M + (2× ⌈ρruDs⌉] by
ûz(p1, p2) =
{
û(p1, p2) if (p1, p2) ∈
q−N
2
, N
2
y× q−M
2
, M
2
y
0 otherwise
.
By this action of zero-padding, a zoom is performed; its factor zp is defined by
zp = (N + 2⌈ρruDs⌉+ 1)/N
and defines the resolution of the produced image uz: rp = ru/zp (rp < ru), which will
also be the resolution of the zoomed illumination patterns.
Since we supposed that this pattern is also spatially condensed, we do not need
to compute the multiplication on the whole domain of u. This permits to define
the minimal size Np, according to the resolution rp on which the product should be
computed. Using Formula (3.18) Np should respect Np > RDs · rp. For each laser
position, a crop of uz of size Np is computed. The position of this crop depends on
the laser position Xs, since each scan point corresponds to a different area on the
image. It is chosen so that the illumination impact is more or less in the middle of
the crop, that is setting Cs ∈ R2 the top-left corner of the crop on uz, it is chosen
such that
Cs =
⌊
Xs
rp
− Np
2
⌋
.
Translated and zoomed illumination patterns
The image of the illumination pattern should be zoomed to reach the resolution
rp and translated to impact at the exact laser position. Given D
s the discrete dis-
tribution, we denote D˜s its interpolate, which satisfies ∀k ∈ Z, D˜s(k) = Ds(k). We
recall that a zoom z of D˜s, D˜sz, is defined by
∀k ∈ Z2, D˜sz(k) = D˜s
(
k
z
)
,
and a translation of β ∈ R2, τβ(D˜s), by
∀k ∈ Z2, τβ(D˜s)(k) = D˜s (k − β) .
Combining those two formulas we have that
∀k ∈ Z2, τβ
(
D˜sz(k)
)
= D˜sk
(
k
z
− β
z
)
= D˜sk
(
k − β
z
)
, (3.19)
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meaning that we can compute those operations in one or the other order: either we
first translate of β and then zoom the result, or we zoom first and translate of β/z.
However, we cannot compute the illumination pattern on Z2 as in Formula (3.19);
it is computed on a number of pixels Np×Np, containing the whole “area of action”
of the illumination, as it was defined in Formula (3.18). The value of the zoom zd to
perform on the given distribution Ds is
zd =
rD
rp
.
In the zoomed image, at resolution rp, the center of the distribution is located in
XD × zd, and needs to be shifted to (Xs/rp − Cs), that is the position of the exact
scanning point, at the correct resolution, on the image cropped with top-left corner
Cs. The translation is then defined by t ∈ R2 such that
t = XD × zd −
(
Xs
rp
− Cs
)
.
We choose to first perform the zoom using Formula (3.14) and then compute the
translation t using Formula (3.13). We can define the DFT of Dsz, using the discrete
value of the cut-off frequency of the initial distribution of size Nd and resolution rd,
∀p ∈
s
−Np
2
,
Np
2
{2
, D̂sz(p) =
{
e
−2ipi
(
p1t1
Np
+
p2t2
Np
)
D̂s(p) if |p| <
⌈
Ndrd
f ′max
2pi
⌉
0 otherwise
.
Now the pixel-wise multiplication can be properly computed, multiplying Dsz and
uz.
3.3.4 Convolution with the PSF
This result of the multiplication has to be convolved with ϕ, to create the image
Isu. We have to be be sure that the domain of computation is large enough to avoid
the effect due to periodic convolution, as explained in Subsection 3.2.5.
Link between the sizes of the images for the different operations
As mentioned before, we chose that the sizes of the micro-images are equal in
both directions, that is n × n. We also choose that n is odd and then written as
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n = 2n1 + 1. n1 should be chosen so that the whole PSF is inside the micro-image.
Since the sampling step is rc, we have that the minimal value of n1 is given by
n1 =
⌈
pra
rc
⌉
.
This size must enable in the Fourier domain to represent all the frequency coefficients
smaller than fmax; this can be check using Formula (3.7). This micro-image is the
result of a convolution, meaning that the pixels contributing to its computation are
the one located at less pixels than the discrete value of the radius of the PSF. Per-
forming the convolution on a size (n+2n1)× (n+2n1) and keeping only the middle
part, from n1 to n+n1−1 in each direction, avoids the effect due to periodicity (only
present on the bands 0 to n1 − 1 and n+ n1 to n+ 2n1 − 1) and takes into account
all the necessary pixels. In the case where the micro-image is on the border of the
captor of the camera, spatial zero-padding, as described in Formula (3.16), has to be
performed, in order to reach the size (n+ 2n1)× (n+ 2n1).
The last constraint is given by the fact that the micro-image used for convolution,
of size 2n− 1 and this image of the discrete multiplication of size Np correspond to
the same image, at two different resolutions, whose factor is given by rc/rp. Then
the value n and Np must satisfy
2n− 1 = Np × rc
rp
with n > 2
⌈
pra
rc
⌉
and Np > RDs · rp. (3.20)
Remark 17. The values of Np and rp, that are not completely fixed but defined by a
lower boundary for the first, an upper one for the second, have to be chosen so that
Nprc/rp is an integer and odd value.
Convolution (and sub-sampling)
We recall that ϕ is sampled at the resolution of the camera, rc, and we suppose
that Nϕ = 2n−1. We choose to compute the convolution as the multiplication of the
spectra in the Fourier domain. ϕ˜ is band-limited meaning that all the coefficients
of the DFT beyond the discrete value of fmax are null. According to Subsection
3.2.4, we can directly sub-sample the product between the crop of uz and D
s to the
resolution of the camera, using spectrum cut, to reach a size of 2n − 1 (and a res-
olution of rc thanks to the first Formula (3.20)). The two discrete spectra are then
multiplied to create the image of the (periodic) convolution. As explained in the
previous paragraph, a final spatial crop of size n× n in the middle of the computed
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image produces the image corresponding to the non-periodic convolution.
Example: acquiring images with a camera of sampling step rc = 100nm, illumi-
nating with a wavelength λ = 480nm, and using an objective of numerical aperture
NA = 1 (rc < λ/(2NA) ∼ 120nm), we have that ra ≃ 313.3nm. With a pinhole
of p = 1.3, we compute n ≥ 11, the other sizes are computed according to the
illumination pattern, as presented before.
Remark 18. We said earlier that the matrix H was sparse; indeed since the illumi-
nation patterns are spatially quite compact, their impact at a laser position X on the
sampled signal u has consequences only around X. This means that changing one
pixel value of the super-resolved image only impacts the micro-images acquired close
to this pixel.
A summary of the steps to compute the micro-images, Isu, from the sampled image
u is presented in Algorithm 1.
Algorithm 1: Computing Hu from u = (u(k, l))k∈J0,N−1K,l∈J0,M−1K
Input - (Xs)s∈J1,SK, laser impact positions
- u = (u(k, l))k∈J0,N−1K,l∈J0,M−1K
- ϕ at resolution rc, size Nϕ = 2n− 1 and centered
- Ds at resolution rD, size ND and corresponding to impact laser in XD
Output (MIs(k, l))(k,l)∈J0,n−1K2, s∈J0,S−1K
uz ← zero-padding(u, zp)
for s ∈ {1 . . . S} do
vs ← uz(Cs : Cs +Np − 1)
t← XD × rd/rp − (Xs/rp − Cs)
Dsz ← zero-padding(Ds, zd) ◮ Formula (3.14)
Dtz ← τt(Dsz) ◮ Formula (3.13)
vp ← vs ×Dtz
(v̂c(p))p∈B(0,⌈ pirc ⌉) ← v̂p(p)
p← F−1(F(vc)×F(ϕ))
MIs ← p(n1 : n+ n1 − 1, n1 : n+ n1 − 1)
end for
return (MIs)s∈J1,SK
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3.4 Advantages of singular illumination patterns
Thanks to conical diffraction in biaxial crystal [10], a whole family of unusual-
shaped illumination patterns can be created. Some of them are presented in Figure
3.8 and in Figure 3.9, we show that they respect the criterion of spatial consistence
of Formula (3.18).
Figure 3.8: Examples of illumination patterns that can be obtained thanks to conical diffraction.
Some of them are really similar, only differ by a specific rotation and could be obtained with any
angle. Their shapes are quite unusual and some of them have interesting properties in the Fourier
domain, as shown in Figure 3.10.
Presented in [22], the BioAxial super-resolution module, which is the one we will
simulate in the last Chapter, contains a beam shaper, using conical diffraction. This
beam shaper enables to create what we call half moon patterns. These patterns
are presented in Figure 3.10, in both Fourier and space domains, with 4 angles
{0, 45, 90, 135} degrees. We can see that their shape in the Fourier domain is atypical,
with higher energy along the same axis as the lobes of the half-moons. According
to the formula developed in Chapter 2, we can then compare a conventional system
with a dual conventional system, using the vertical half-moon, as shown in Figure
3.11. With no doubt, when projecting a half-moon, the dual conventional OTF is
better than the conventional: the energy in the frequency coefficients around fmax is
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Figure 3.9: Examples of illumination patterns; from left to right: a vortex, having a donut shape,
a fundamental, whose shape is very close to the Airy spot, a half-moon, made of two lobes whose
orientation can be chosen, and a deformed half-moon. The cross corresponds to the laser impact
of each distribution (as we specified, on the last example, for instance, the shape is not isotropic)
and the circle in red corresponds to the radius in (3.18) with α = 0.9.
higher for half moons. The number and the angles of the half-moons are chosen so
that the sum of the spectra recovers almost the disk of radius fmax. The advantage of
the half-moon patterns in the ISM methods is clear when looking at Formula (2.19),
since the value of the illumination pattern close to fmax weights the value of uˆ close
to 2fmax.
Patterns in
space
Fourier
transforms
of the
patterns
Figure 3.10: In the first line, the four illumination patterns generated by a beam shaper and used
by the BioAxial system, called half-moons, are represented. As it can be seen on the module of
their Fourier Transforms (second line), the energy in the frequency coefficients along the axis of the
half-moons is higher than along the orthogonal axis. The sum of the four Fourier transforms almost
covers the whole Fourier domain, explaining why 4 half-moons are used (3 could also be sufficient).
Remark 19. To be able to compute the image created by a dual conventional system,
the laser positions need to be accurate and regular.
3.5. Minimum Variance unbiased estimate 111
Comparison of the OTFs for conventional and dual conventional.
Figure 3.11: The comparison between the profiles of the spectra of the Airy disk and the vertical
half moon clearly shows that near fmax, the frequency coefficients of the half moon contain more
energy than the corresponding coefficients of the Airy disk. The reconstruction of the dual conven-
tional, whose OTF is the Fourier transform of the half-moon, should produce images that provide
a better representation of the frequency coefficients in the direction of the half-moon. However,
several of them should be used since their shape is asymmetrical.
3.5 Minimum Variance unbiased estimate
The continuous formulation of the acquisition with Gaussian noise is given, for
one illumination pattern D, by
Iu(Xs, Xc) = (u×D(· −Xs)) ∗ ϕ(Xc) + n(Xs, Xc), n(Xs, Xc) ∼ N (0, σ)
⇔Iu(Xs, Xc) ∼ N (f(Xs, Xc), σ),
with f(Xs, Xc) = u×D(· −Xs)) ∗ ϕ(Xc).
If we have the equality N = Ns, we can write the 4D Discrete Fourier Transform
of f as
∀(p, q) ∈ Ω̂2, f̂(p, q) = ϕ̂(q)D̂(−p)uˆ(p+ q) = α̂(p, q)uˆ(p+ q),
where Ω̂ is a discretization of the set of frequencies [−fmax : fmax]. We denote Ω̂′ the
discretization of [−2fmax : 2fmax].
We propose to compute the optimal estimate for û, Û , in the case of additive
Gaussian noise. By optimal we mean that we want an unbiased estimate, of minimal
variance and that corresponds, in space, to an image made of real values. Û is written
as a linear combination of the acquisitions Îu. More specifically, the coefficients r ∈ Ω̂′
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appears when p+ q = r, so that we can write
∀r ∈ Ω̂′, Û(r) =
∑
p∈Ω
βr(p)Îu(p, r − p), βr ∈ CΩ.
Since Û is complex, we use the following definitions,
∀Z ∈ C, E(Z) = E(Re(Z)) + iE(Im(Z))
∀Z ∈ C, Var(Z) = Var(Re(Z)) + Var(Im(Z))
∀a ∈ CN , Z ∈ CN , Var(
N∑
i=1
aiZi) =
N∑
i=1
N∑
j=1
aiajCov(Zi, Zj)
∀(Zi, Zj) ∈ C2, Cov(Zi, Zj) = E
(
(Zi − E(Zi))(Zj − E(Zj))
)
.
We want that the estimate creates a PSF with real coefficients, in particular it
should be symmetrical and Im(Û(0)) = 0.
3.5.1 Expression of the βr for the standards methods
For the conventional, dual conventional and confocal systems, the correspon-
dences with the βr are direct with the discrete writing of their OTFs.
Conventional and dual conventional
The discrete formulation of the conventional gives that
Ûconv(r) = (ϕ̂û) (r) = D̂(0)ϕ̂(r)uˆ(r)
=
∑
p∈Ω̂
βr(p)Îu(p, r − p), βr(p) =
{
1 if p = 0 and r ∈ Ω̂
0 otherwise
.
Symmetrically, for the dual conventional, we have
Ûconvd(r) =
( ̂ˇDû) (r) = ϕ̂(0)D̂(−r)uˆ(r)
=
∑
p∈Ω̂
βr(p)Îu(p, r − p), βr(p) =
{
1 if p = r and r ∈ Ω̂
0 otherwise
.
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Confocal
The discrete formulation of the Fourier transform of an image produced by a
conventional system is given by
Ûconf(r) = û(r)
(
(D̂(−·) ∗ (ϕ̂(·)1̂B(0,R)(·)))
)
(r)
= û(r)
∑
p∈Ω̂
D̂(−p)ϕ̂(r − p)1̂B(0,R)(r − p)
=
∑
p∈Ω̂
βr(p)Îu(p, r − p), βr(p) = 1̂B(0,R)(r − p).
We recall that in that case, the illumination pattern is the PSF.
3.5.2 Computation of the unbiased estimate of minimal vari-
ance - Gaussian case
Unbiased estimate
To create an unbiased estimate, Û(r) should satisfy
∀r ∈ Ω̂′, E(Re(Û(r))) = Re(û(r)) and E(Im(Û(r))) = Im((û(r))).
E(Re(Îu(p, r − p)) = E
(∑
k,l
Iu(k, l) cos
(
2πkp
N
+
2πl(r − p)
N
))
=
∑
k,l
E(Iu(k, l)) cos
(
2πkp
N
+
2πl(r − p)
N
)
=
∑
k,l
f(k, l) cos
(
2πkp
N
+
2πl(r − p)
N
)
= Re
(
f̂(p, r − p)
)
.
Using the same reasoning, we have E
(
Im(Îu(p, r − p)
)
= Im
(
f̂(p, r − p)
)
.
For r = 0, this is particular, we want that the imaginary part equals 0 and the
real part equals uˆ(0). We have that
Îu(p,−p) = α(p,−p)û(0)⇔
 E
(
Re
(
Îu(p,−p)
))
= Re (α̂u(p,−p)) û(0)
E
(
Im
(
Îu(p,−p)
))
= Im (α̂u(p,−p)) û(0).
.
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E
(
Re(Û(0))
)
=
∑
p
Re(β0(p))E
(
Re
(
Îu(p,−p)
))
− Im(β0(p))E
(
Im
(
Îu(p,−p)
))
= û(0)
∑
p
(
Re(β0(p)Re (α̂u(p,−p))− Im(β0(p)Im (α̂u(p,−p)))
)
= û(0)
∑
p
Re(β0(p)α̂u(p,−p)).
Equivalently, we have
E
(
Im(Û(0))
)
= û(0)
∑
p
Im(β0(p)α̂u(p,−p)).
To get E
(
Re(Û(0))
)
= û(0) and E
(
Im(Û(0))
)
= 0, βr should satisfy
∑
p
Re(β0(p)α̂u(p,−p)) = 1∑
p
Im(β0(p)α̂u(p,−p)) = 0.
. (3.21)
For r 6= 0,
E(Re(Û(r)) = E
(
Re
(∑
p
βr(p)Îu(p, r − p)
))
=
∑
p
E
(
Re(βr(p))Re
(
Îu(p, r − p)
)
− Im(βr(p))Im
(
Îu(p, r − p)
))
=
∑
p
Re(βr(p))E
(
Re
(
Îu(p, r − p)
))
− Im(βr(p))E
(
Im
(
Îu(p, r − p)
))
=
∑
p
Re(βr(p))Re
(
f̂(p, r − p)
)
− Im(βr(p))Im
(
f̂(p, r − p)
)
.
But
Re
(
f̂(p, r − p)
)
= Re (α̂(p, r − p)) Re (û(r))− Im (α̂(p, r − p)) Im (û(r))
and
Im
(
f̂(p, r − p)
)
= Re (α̂(p, r − p)) Im (û(r)) + Im (α̂(p, r − p)) Re (û(r)) .
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Finally
E(Re(Û(r)) =
∑
p
Re (û(r)) (Re(βr(p))Re (α̂(p, r − p))− Im(βr(p))Im (α̂(p, r − p)))
− Im (û(r)) (Re(βr(p))Im (α̂(p, r − p)) + Im(βr(p))Re (α̂(p, r − p)))
= Re (û(r))
∑
p
Re (βr(p)α̂(p, r − p)) + Im (û(r))
∑
p
Im (βr(p)α̂(p, r − p)) .
To be unbiased, the value of βr should respect for r 6= 0
∑
p
Re (βr(p)α̂(p, r − p)) = 1∑
p
Im (βr(p)α̂(p, r − p)) = 0.
. (3.22)
The development of E(Im(Û(r)) gives the same constraints. The set of constraints
defined in (3.21) is in fact equivalent to (3.22) for r = 0.
Computation of the variance
We can write the variance of the estimate. It is given by
Var (U(r)) =
∑
p∈Ω
βr(p)Îu(p, r − p)
=
∑
p∈Ω̂
∑
p′∈Ω̂
βr(p)βr(p′)Cov
(
Îu(p, r − p), Îu(p′, r − p′)
)
=
∑
p∈Ω̂
∑
p′∈Ω̂
βr(p)βr(p′)Cov
(∑
n,m
Iu(n,m)e
− 2ipinp
N e−
2ipim(r−p)
N ,
∑
n′,m′
Iu(n
′,m′)e−
2ipin′p′
N e−
2ipim′(r−p′)
N
)
.
We suppose that the Iu are independent so that the only remaining term is when
n = n′, m = m′, giving
Var (U(r)) =
∑
p∈Ω̂
∑
p′∈Ω̂
βr(p)βr(p′)
∑
(n,m)∈Ω
e−
2ipinp
N e−
2ipim(r−p)
N e−
2ipinp′
N e
2ipim(r−p′)
N Var (Iu(n,m))
=
∑
(p,p′)∈Ω̂2
βr(p)βr(p′)
∑
(n,m)∈Ω
Var (Iu(n,m)) e
− 2ipin(p−p′)
N e−
2ipim(p′−p)
N .
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In the case where Iu(Xs, Xc) ∼ N (f(Xs, Xc), σ), we have that
∀(n,m), Var (Iu(n,m)) = σ2.
We recall this formula, that can be found by computing the sum of a geometric
progression
∀y ∈ R∗,
N−1∑
k=0
eiky = eiy
N−1
2
sin
(
Ny
2
)
sin
(
y
2
) . (3.23)
The variance is then written as
Var (U(r)) =
∑
(p,p′)∈Ω̂2
βr(p)βr(p′)σ2
N−1∑
n=0
e−
2ipin(p−p′)
N
N−1∑
m=0
e−
2ipim(p′−p)
N . (3.24)
Using Formula (3.23), we have that
N−1∑
n=0
e−
2ipin(p−p′)
N = e
2ipi(p−p′)
N
N−1
2
sin (−iπ(p− p′))
sin
(
−ipi(p−p′)
N
) = 0 if p 6= p′.
If p = p′, Equation (3.24) is really simplified, giving
Var (U(r)) = N2σ2
∑
p∈Ω̂
βr(p)βr(p) = N2σ2‖βr‖2.
Remark 20. In the previous chapter, we used the property that the mean power
spectral density of a Gaussian white noise of variance σ2 is σ2 (to estimate the
variance of the noise in the SIM method, (2.15)). In the discrete case, we can prove,
by separating the computation for real and imaginary parts, that both the real part
and the imaginary part of the Discrete Fourier transform of a Gaussian white noise,
except the coefficient corresponding to the zero frequency, has a variance of N σ
2
2
,
so that we can estimate σ thanks to the DFT coefficients beyond the discrete value
of fmax. The variance of the zero-coefficient is Nσ
2. This property is illustrated
in Figure 3.12 where we compare the histogram of samples from a standard normal
distribution and their Fourier transform divided by
√
N
2
; we clearly see the similitude
between those two.
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Figure 3.12: Representation of the real part of the DFT of a Gaussian noise; on the left, histogram
of a white Gaussian noise N (0, 1.5), on the right, the real part of its Discrete Fourier Transform.
x was created with around 1 million samples of random variables following N (0, 1.5). For the
Discrete Fourier Transform of x (divided by
√
N/2), we kept only the positive coefficients since
∀p ∈ Z, x̂(p) = x̂(−p) as x is a real signal. We can notice that the distributions are very close to
each other; this confirms that we can use (for instance) the real part of the DFT for the estimation
of σ.
Estimate of minimal variance
Minimizing the variance of the estimator in the case of additive Gaussian noise
then consists in finding
min
βr∈C
Nσ2
∑
r
‖βr‖2,
with C = {Re(〈βr, α̂r〉) = 1 and Im(〈βr, α̂r〉) = 0}, where αr is the vector (α(p, r −
p))p∈Ω̂. The solution of this problem is simply the projection of 0 onto C, and we
have that
βr ∈ C ⇔ 〈βr, α̂r〉 = 1,
whose solution is then given by
βr =
α̂r
‖α̂r‖2 ⇔ ∀p ∈ Ω̂, β
r(p) =
α̂(p, r − p)∑
q∈Ω̂ α̂(q, r − q)2
.
The estimate is then given by
∀r ∈ Ω̂′, Û(r) =
∑
p∈Ω̂
ϕ̂(r − p)D̂(−p)∑
q∈Ω̂ ϕ̂(r − p)2D̂(−p)2
Îu(p, r − p).
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deconvolution with positivity
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We now consider a simpler inverse problem, the deconvolution, in the case of
data corrupted by Gaussian or Poisson noise, under the only constraint of positivity.
This is quite a “low” constraint since all images with positive values have the same
apriori probability to be the solution. In this chapter, we present a well-known esti-
mate, called Maximum A Posteriori which consists in searching for the most probable
image, according to the input data. For both models of noise, we explain how to
compute this estimate and present its properties.
We consider that the convolution kernel is known; in this chapter, we always take
a Gaussian kernel. The convolution with a Gaussian kernel removes the details of
the image, since in the Fourier domain the coefficients of the high frequencies are
close to zero (the Gaussian kernel is almost band-limited). The bigger the standard
deviation, the more blurry the input image is. An example is shown on Figure 4.1
where the image of Lena is blurred with a Gaussian kernel with standard deviation
σ = 3.
Figure 4.1: Illustration of the convolution: the original image, Lena, on the left is convolved with
a Gaussian kernel of standard deviation σ = 3, on the right. After the convolution the image looks
blurry, some separations are not visible anymore (feather of the hat and eyelashes for instance).
4.1 MAP estimation by energy minimization
In the following, we denote x the data we want to recover; we suppose that
x ∈ RΩ where RΩ represents the functions from Ω to R and we denote ◦x the Ω-
periodic function created from x, that is
∀(n1, n2) ∈ Z2, ∀p = (p1, p2) ∈ Ω, ◦x(p1 + n1Nx, p2 + n2Ny) = x(p1, p2),
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where Ω = {0, . . . , Nx− 1}×{0, . . . , Ny − 1}, and thus |Ω| = Nx ·Ny = N . The con-
volution kernel k is also a function from RΩ, with its associated Ω-periodic function
◦
k, whose center is located in (0, 0). Its spatial support, noted S, can be smaller than
Ω. The result of the convolution, k ∗ x, has a bigger support than x; we denote it Ω′
with |Ω′| ≥ |Ω|+ |S| and we have
∀q ∈ Ω′, (k ∗ x)(q) =
∑
p∈Ω
◦
k(q − p) ◦x(p)=
∑
p∈Ω
◦
x(q − p) ◦k(p). (4.1)
Let us denote y ∈ RΩ′ the observed data, we have in case of additive Gaussian
noise,
∀q ∈ Ω′, y(q) ∼ N ((k ∗ x)(q), σ2), σ2 known
and in the case of corruption by Poisson noise,
∀q ∈ Ω′, y(q) ∼ P((k ∗ x)(q)).
In the following, we will sometimes use the matrix representation, that is the
representation of k∗x as the matrix product Hx with H ∈M|Ω′|,|Ω|, where the image
x (and thus y) is represented as a vector, obtained by assembling the transposed rows.
H is a circulant matrix whose first line is the values of the kernel k on Ω. Therefore,
we have the equality,
∀1 ≤ i ≤ |Ω|′, (Hx)i = (k ∗ x)(i1, i2), with i1 = i mod Nx and i2 = i− i1 ×Nx.
When using this matrix notation, we will write (xi)1≤i≤|Ω| and (yi)1≤i≤|Ω′|.
Computing the MAP estimate under positivity constraint, that is the most prob-
able positive image given the input data, consists in solving
argmax
x∈RΩ+
p(x|y).
We will see that maximizing this posterior density is equivalent to minimizing a
specific energy, depending on the type of the noise. This minimum can be computed
thanks to the gradient descent method, whose principles are recalled in a first part.
In the following, we will use Bayes formula, given by
p(x|y) = p(y|x)p(x)
p(y)
, (4.2)
where p(x) is the prior on the data. In our case, this is the improper prior p(x) =
1x∈RΩ+ , but it can be any prior on the result data; the term p(y) does not interfere
in the problem since it is independent of x. As mentioned earlier, the chosen prior
induces that any positive image have the same probability to be the solution.
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4.1.1 Gradient descent method
To compute the gradient of the energies in both case, we compute ∀h ∈ RΩ, ∀x ∈
RΩ, E(x+ h)− E(x), since,
E(x+ h)− E(x) = 〈∇E(x), h〉+ o(h) . (4.3)
In the case where the function E is convex and differentiable, a well known
solution to find its minimum is the gradient descent. It consists in using iteratively
the negative of the gradient of the energy as a descent direction: −∇E. This method
enables to reach a local minimum and thus, with the hypothesis of convexity and
assuming that E is coercive, a global one. The scheme at each iteration l is given by
xl+1 = xl − γl∇E(xl), (4.4)
where γl ∈]0; +∞] is the step size for iteration l and xl is the image at the precedent
iteration. We have
xˆMAP = lim
l→∞
xl.
The initialization x0 can be chosen as the input image or as the null image.
4.1.2 Deblurring with MAP - Poisson and Gaussian noise
Gaussian case
In this case, we have y ∼ N (Hx, σ2In) and it comes
p(y|x) = 1
(
√
2π)nσn
exp
(
−‖Hx− y‖
2
2σ2
)
.
Maximum a posteriori computation Bayes Formula (4.2) gives
p(x|y) = p(y|x)p(x)
p(y)
=
1
Z
1
p(y)
exp
(
−‖Hx− y‖
2
2σ2
)
1x∈RΩ+ ,
with Z a normalization constant. Computing the negative logarithm of p(x|y), we
obtain
argmax
x∈RΩ+
p(x|y) = argmin
x∈RΩ+
− log(p(x|y)) = argmin
x∈RΩ+
‖Hx− y‖2
2σ2
. (4.5)
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Let us denote E the convex function defined by
∀x ∈ RΩ+, E(x) =
1
2σ2
‖Hx− y‖2, (4.6)
we just proved that looking for the maximum a posteriori under positivity constraint
is equivalent to minimizing E under the same constraints.
Gradient of the energy Equation (4.3) with definition of energy (4.6) gives
2σ2(E(x+ h)− E(x)) = 〈H(x+ h)− y,H(x+ h)− y〉 − 〈Hx− y,Hx− y〉
= 2〈H∗(Hx− y), h〉+ 〈Hh,Hh〉,
leading to
∀x ∈ RΩ, ∇E(x) = 1
σ2
H∗(Hx− y). (4.7)
We need to explicit the operator H∗, which is the adjoint of H but equivalently
its transpose since H is real. We recall that H∗ ∈M|Ω|,|Ω′| is defined by
∀x ∈ RΩ, ∀y ∈ RΩ′ , 〈Hx, y〉
RΩ
′ = 〈x,H∗y〉RΩ .
Let us compute 〈Hx, y〉
RΩ
′ using (4.1)
〈Hx, y〉
RΩ
′ =
∑
q∈Ω′
∑
p∈Ω
x(q − p)k(p)y(q).
〈Hx, y〉
RΩ
′ =
∑
q∈Ω′
y(q)
∑
(q−r)∈Ω
x(r)k(q − r), with r = q − p.
Since x and h are Ω-periodic, the second sum (which is on a whole period) can be
written as
∑
(q−r)∈Ω
x(r)k(q − r) = ∑
r∈Ω
x(r)k(q − r), and
〈Hx, y〉
RΩ
′ =
∑
q∈Ω′
y(q)
∑
r∈Ω
x(r)k(q − r)
=
∑
r∈Ω
x(r)
∑
q∈Ω′
y(q)k(q − r)
= 〈x,H∗y〉RΩ , with (H∗y)r =
∑
q∈Ω′
y(q)k(q − r), ∀r ∈ Ω.
In the case of periodic signals, the adjoint operator of H, H∗, is therefore defined
∀r ∈ Ω by the operation∑
q∈Ω′
y(q)k(q − r) = kˇ ∗ y(r), with ∀p ∈ Z2, kˇ(p) = k(−p).
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Poisson case
In this case, we have ∀i ∈ Ω′, y(i) ∼ P((Hx)i + B), with B a background
constant, and ∀(i, j) ∈ Ω′2, i 6= j, y(i) and y(j) are independent. It comes
∀i ∈ Ω′, p(y(i)|(Hx)i) = ((Hx)i +B)
y(i)e−(Hx)i+B
y(i)!
.
Maximum a posteriori estimate computation Using Bayes formula (4.2) and
the fact that the noise is spatially independent, we have
p(x|y) = p(y|x)p(x)
p(y)
=
1
Z
1
p(y)
∏
i∈Ω′
((Hx)i +B)
y(i)e−(Hx)i+B
y(i)!
1x∈RΩ+ .
Computing the negative logarithm of p(x|y), we have
∀x ∈ RΩ+,− log(p(x|y)) =
∑
i∈Ω′
(Hx)i +B − y(i) log((Hx)i +B) + log(y(i)!)− log(Z).
We define the convex function E as
∀x ∈ RΩ+, E(x) =
∑
1≤i≤|Ω′|
(Hx)i − yi log((Hx)i +B). (4.8)
We proved to following equivalence
argmax
x∈RΩ+
p(x|y) = argmin
x∈RΩ+
E(x). (4.9)
Gradient of the energy The energy can be matricially written as
E(x) = (Hx)t1
RΩ
′ − yt log(Hx+B1
RΩ
′ ),
with 1
RΩ
′ the vector of RΩ
′
composed of ones and the logarithm a pixel-wise logarithm
(as well as the quotients below are pixel-wise). Equation (4.3) gives
E(x+ h)− E(x) = (H(x+ h))t1
RΩ
′ − yt log(H(x+ h) + B1
RΩ
′ )
−((Hx)t1
RΩ
′ − yt log(Hx) + B1
RΩ
′ )
= (Hh)t1
RΩ
′ − yt log
(
1+
Hh
Hx+B1
RΩ
′
)
= (Hh)t1
RΩ
′ − yt Hh
Hx+B1
RΩ
′
+ o(h) .
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By definition, the first terms gives (Hh)t1
RΩ
′ =
〈
H t1
RΩ
′ , h
〉
RΩ
. For the second term,
we have, since the quotient is pixel-wise
yt
Hh
Hx+B1
RΩ
′
=
∑
1≤i≤|Ω′|
yi
(Hh)i
(Hx)i +B
=
∑
i∈Ω
yi
(Hx)i
(Hh)i
=
〈
y
Hx+B1
RΩ
′
, Hh
〉
RΩ
=
〈
H t
y
Hx+B1
RΩ
′
, h
〉
RΩ
,
leading to
∇E(x) = H t
(
1
RΩ
′ − y
Hx+B1
RΩ
′
)
. (4.10)
4.1.3 Algorithms to compute MAP estimate
A well known algorithm for minimizing a function on a convex set is the projected
gradient; it consists in applying Formula (4.4) and at each iteration projecting the
result on the set of constraints. In the case of the positivity constraint, it consists in
thresholding to zero any negative value. For instance, the fixed step gradient method
takes γl = γ, ∀l ∈ N in Formula (4.4), that is the step is constant at each iteration,
chosen so that the energy decreases. This algorithm is described in Algorithm 2.
Algorithm 2: Projected gradient algorithm with fixed step (N iterations)
Inputs x0 ∈ RΩ+, initialization, L, Lipschitz constant for ∇f , N number of
iterations
Output x, approximation of xˆMAP
x← x0
for k in [[1, N ]] do
gradE = ∇E(x) ◮ Using Formula (4.7) or (4.10)
x = max(0, x− gradE/L)
end for
return x
Unfortunately, this algorithm is very slow due to the high dimension of x, that
is |Ω| (in the case of images, it corresponds to the number of pixels), and does not
converge in practice for image deblurring, leading to a result that does not properly
estimate xˆMAP . In [87], Nesterov presents optimal schemes to solve problems such
as (4.5) or (4.9). It has been proven in [122] that when the problem can be written
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as
argmin
u∈RΩ
E(u) + ψ(u),
with ψ(u) the characteristic function of a convex set (in our case, this is true, setting
ψ(u) = 1RΩ+(u)), an adaptation of Nesterov Algorithm can be used. This implemen-
tation, like the projected gradient, requires to compute only once per iteration the
gradient of the function E. The algorithm is summarized in Algorithm 3, two pro-
jections are required and the initialization should belong to the set of constraints. As
presented in Figure 4.2, the convergence is really faster than the projected gradient.
More precisely, comparing the two function representations, it seems impossible that
the energy of projected gradient reaches the one of Nesterov in a finite amount of
time. As in the gradient descent, there is a descent step, called L in the algorithm,
that should be chosen so that the energy decreases.
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Algorithm 3: Nesterov algorithm
Inputs x0 ∈ Rp+, initialization, L, Lipschitz constant for ∇f , N number of
iterations
Output x, approximation of xˆMAP
g ← 0
for k in [[0, N − 1]] do
gradE ← ∇E(x)
y ← max(0, x− gradE
L
)
g ← g + k+1
2
gradE
v ← max(0, x0 − gL)
x← 2
k+3
v + k+1
k+2
y
end for
return x
Figure 4.2: Comparison of the evolution of the energy during 1000 iterations for both projected
Gradient with constant step and Nesterov algorithm on the same image (the one represented in the
next section in Figure 4.3) with the same step (1/L in the algorithms) in the algorithm. According
to the general decreasing shape of the energy sequence for the projected gradient, we can guess that
the minimum computed by Nesterov algorithm is unreachable in practice for the projected gradient
algorithm.
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4.2 The Night sky effect: an artifact of the MAP
In the following, several results are presented, computed thanks to Algorithm 3,
on quite sparse images, obtained by a fluorescence microscope or simulated according
to structures often observed in microscopy. On all these simulations, we can observe
an artifact called night sky ([14], [57]) on the converged results (Figures 4.3 and 4.5)
that is xˆMAP is made of isolated point sources, loosing continuity of the intensity
distributions. If this can seem interesting if the sample is really made of isolated
structures (such as proteins in microscopy), we also see this artifact on expected
constant zone or on filaments, as it is shown in Figure 4.3, where the center is
almost a constant area and the other part of the image quite thin filaments. We
can explain the apparition of the night sky by the fact that deconvolution tends to
create very high frequencies (the energy in the Fourier domain is quite high for the
high frequency coefficients), and that, with the positivity constraint, which is quite a
weak constraint, oscillations between very large and null values appear in the domain
of the image, maintaining locally an average close to the real image.
4.2.1 Examples
We present two examples,
— first, an image of fibroblast in Figure 4.3 that mixes, as mentioned before,
quite thin filaments and in the middle an almost constant area. The night
sky is visible on all parts of the image, constant and more sparse, as it can be
observed on the little crops made on some regions of interest. An idea is to
convolve this MAP estimate with a kernel such that the night sky disappears;
however, as presented in Figure 4.4, it is impossible to find a kernel such as
the night sky totally disappears and deconvolution is still visible
— second, in Figure 4.5, we present the results on some synthetic curves, created
by drawing randomly points on random curves. The density of points on the
curves, its thickness and a standard deviation for the curvature are defined,
creating a random set of points according to these parameters. Finally a
very small PSF is applied at each position of the set to create an image
with continuous structures. Their structure is aimed at modeling biological
structures such as microtubules. The MAP estimate presents as before night
sky, and we see that the recovered values are not representative of the initial
signal. On top of that, in Figure 4.5, the modulus of the Fourier transforms are
also represented. We can see that the night sky phenomenon is also noticeable
in the Fourier domain where the energy in the high frequency coefficients of
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the Fourier transform is very high (more than in classical spectra).
Ground truth Input image (Noisy and MAP estimate
blurry ground truth)
Ground truth Input MAP
Figure 4.3: Illustration of the night sky effect; the original image (a fibroblast) (on the left)
was convolved with a Gaussian kernel of standard deviation 2 and a Gaussian noise of standard
deviation 2 was added (in the middle); Nesterov algorithm (presented in Algorithm 3) was used to
estimate the image minimizing the energy (on the right). We can see the night-sky effect on the
MAP estimate; we chose two different regions on the original image to show this artifact. On the
first one, filaments, whose separations cannot be all distinguished after convolution (input data),
are made of separated points in the MAP estimate, loosing totally the continuity of the structures.
On the second one, we focus on a quite constant area in the original image; it is also reconstructed
with oscillations between null and very high values. The MAP estimate is really not satisfactory.
Ground truth image from cellimagelibrary.org by Don W. Fawcett and Elias Lazarides is licensed
under CC BY-NC-ND 3.0 - a threshold of 30 (to get a really black background) and a frequency cut
were performed to a crop of the original image.
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σr = 0.9 σr = 1.5 σr = 2
Ground truth Input image σr = 0.9 σr = 1.5 σr = 2
Figure 4.4: Post-convolution of the MAP estimate from Figure 4.3 (with a zoom on the same
regions of interest). We could think that a convolution of the MAP estimate would create an
interesting estimate, however, the standard deviation that enables to completely remove the night
sky artifact is larger or similar to the standard deviation of the kernel, which therefore removes
any deconvolution effect. We can see the convolution of the MAP estimate with 3 Gaussian kernels
of standard deviations equal to 0.9, 1.5 and 2. With σr = 0.9 the night sky is still very visible
and with σr = 1.5 the continuity is recovered but we still see oscillations between small and high
intensities, as if the intensities were not homogeneous on the filament. With σr = 2, of course, the
signal is very close to the input one, but less noisy.
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Ground truth Blurry and noisy image MAP estimate
Figure 4.5: Illustration of the night sky effect in space and Fourier domains. From left to right:
original image (curves randomly drawn in the image) and its Fourier transform - original image
convolved (Gaussian kernel, of standard deviation 1.5), corrupted by a Gaussian noise of standard
deviation 2 and its Fourier Transform - MAP estimate at convergence and its Fourier Transform.
The modulus of the Fourier transforms are represented, in logarithmic scale, as well as their average
radial profiles, below. Visually on the reconstruction in the space domain, it is clear that continuity
is lost and that the values of the pixels of the estimate are not representative of the real values:
this is the night sky artifact. In the Fourier domain, we can see that the Fourier transform and the
profile are not common: normally it gradually decreases, as the one from the original image; for
the MAP estimate, we see that the values do not respect this scheme; this is because the noise is
over-fitted, creating energy in the high frequency coefficients.
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4.2.2 Non converged images
We can notice that with Nesterov Algorithm, the night sky only appears after
several iterations, as it can be seen in Figure 4.6, presenting the result at different
times, as well as their corresponding energy. The result image tries to explain the
data x as well as the noise n; we can think that during the first iterations, the result
fits more the data (than the noise) and after it fits more and more the noise, creating
the night sky artifact. This means that, during the iterations, some intermediate
results are night-sky free and less blurry and noisy than the input image. In Figure
4.7, we present the evolution of the energy and the distance between the iterate and
the ground truth image; this distance decreases during the first iterations but then
drastically increases before stabilization. The values taken are very large compared
to the energy ones.
10th Iteration 50th Iteration 250th Iteration
E = 190252, 9083 E = 138607, 3312 E = 124155, 3757
Figure 4.6: Images obtained during the iterations 10, 50 and 250 of Nesterov algorithm for the
image of Figure 4.3. We can notice that for the 10th iteration, there is no night sky. Artifacts
appear more and more at each step: for the 50th iteration, we can see that the structures are
changing, oscillations of intensity can be seen, on the filaments for instance, leading to the night
sky, alternating null and positive values, with the positive values increasing gradually. Visually
the estimated result is better at the 10th iteration, however its energy is really higher than the
minimum, so that we are wondering if the energy is a relevant criteria.
We can recall that this is not the only algorithm known to create artifact by over-
fitting the noise after several iterations; indeed Richardson-Lucy algorithm, mostly
used in presence of Poisson noise, is very often stopped after a few iterations because
the reconstructions are visually better than at the end of the algorithm. We briefly
recall the principle of this algorithm; Richardson-Lucy algorithm [77][95] was devel-
oped for the deconvolution of images corrupted by Poisson noise. Given the Poisson
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Evolution of energy and distance between Zoom on the first 1000 iterations
the result at each iteration and the
ground truth
Figure 4.7: Evolution of the energy and the distance to the ground truth according to iterations:
in blue is drawn ‖Hxk − y‖2 and in red ‖xk −x‖2, where xk is the result of iteration k by Nesterov
algorithm; the data is the one from 4.6. As seen before, the energy decreases during iterations. On
the contrary, the L2 distance between the estimate and the ground truth decreases during the first
iterations but then drastically increases, we can suppose that the last iteration without night-sky
is around this minimum.
energy in Formula (4.8),
E(u) =
∑
i
(Hx)i − yi log((Hx)i +B),
the gradient is defined by
∇E(u) = H t
(
1
RΩ
′ − y
Hx+B1
RΩ
′
)
, (4.11)
where, as before, the division and the logarithm are element-wise operations and the
notation 1
RΩ
′ refers to the vector of RΩ
′
made of only 1. Since the energy is convex
in x, the solution of the minimization can be obtained by setting the value of each
component of the gradient to zero, that is,
∀l ∈ {1, . . . , |Ω|},
|Ω′|∑
k=1
Hk,l −
|Ω′|∑
k=1
yk
Hk,l
|Ω|∑
i=1
Hk,ixi +B
= 0. (4.12)
Assuming that the PSF is normalized, and using the fact that H is circulant, we
then replace
∑
kHk,l = 1 in (4.12) and multiply by xl on each side of the equation.
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The image x appears like the solution of a fixed point problem that can be solved
by iterating on x with the scheme
∀n ∈ N, ∀l ∈ {1, . . . , |Ω′|}, xn+1l = xnl
|Ω′|∑
k=1
yk
Hk,l
|Ω|∑
i=1
Hk,ixi +B
. (4.13)
An interesting property of this model is that, given a positive initialization, the re-
sult at each iteration remains positive (this can be seen in Formula (4.13) where the
input data as well as the PSF are positive functions).
Ideally, the number of iterations is chosen so that convergence is reached; this
can be done using, for instance, the criteria ‖xn+1−xn‖ < ε‖xn‖, for ε chosen, quite
small, to stop the iterations. However, as we mentioned before and as it can be seen
in [120] for instance as well as in Figure 4.8, the fit of the noise is amplified when
increasing the number of iterations. Thus, most of the time, the algorithm is stopped
after a few iterations.
4.2.3 Analysis of the night sky effect
To better understand the night sky phenomenon, we made several simulations
by changing the noise perturbing the data. First, we can notice that the night sky
effect happens even for a very small amount of noise, as it can be seen in Figure 4.9,
where a noise of 0.1 was added to the initial image and night sky appears on the
MAP estimate image. The only case where it does not happen is when the input
data is the convolved but noise-free image.
Given any estimator xˆ of the sample x, we can exhibit a bias-variance decom-
position, of the estimation error. We recall that for an estimator θˆ of θ ∈ R, we
have
B(θˆ) = E(θˆ − θ)
is the bias and represents the expectation of the difference between the estimate and
the real data, and
Var(θˆ) = E(θˆ2)− E(θˆ)2
is the variance of the estimator.
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Ground truth Noisy convolved image Richardson Lucy deconvolution
 − 2 iterations
Richardson Lucy deconvolution
 − 10 iterations
Richardson Lucy deconvolution
 − 20 iterations
Richardson Lucy deconvolution
 − 100 iterations
Figure 4.8: Evolution of Richardson-Lucy deconvolution result for an image of cells from cow
lungs obtained by fluorescence microscopy. On the first line, from left to right, images represent
the ground truth - the ground truth convolved with an Airy disk and corrupted by Poisson noise
(maximum amount of photons is 250) - result from Richardson-Lucy algorithm with 2 iterations; on
the second line, results from Richardson-Lucy algorithm with respectively 10 - 20 - 100 iterations.
Because of the convolution (second image), some features of the original image disappeared. With
2 iterations of RL algorithm, the image still looks blurry. The result given for 10 iterations seems
in fact the best because for 20 and 100 some artifacts appear (getting worse with the number of
iterations), due to an over fitting of the noise. When using Richardson-Lucy algorithm, the kept
image is rarely the converged image, because it contains a lot of artifacts; the iterations are generally
stopped before the algorithm fits more the noise than the data.
Ground truth image from cellimagelibrary.org by Tina Cavalho - public domain.
The bias can be seen as an estimation of the average error and the variance
consists more in the additional error due to the noise realization. The expectation
of the error in our case is given by
E
(‖y −Hxˆ‖2) = N∑
i=1
E((yi − (Hxˆ)i)2),
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and we have
E((yi − (Hxˆ)i)2) = E
(
(yi − (Hx)i + (Hx)i − (Hxˆ)i)2
)
= E
(
(yi − (Hx)i)2
)
+ E
(
((Hxˆ)i − (Hx)i)2
)
+ 2E ((yi − (Hx)i)((Hx)i − (Hxˆ)i)) .
And since E((Hx)i) = E(yi) = (Hx)i,
E ((yi − (Hx)i)((Hx)i − (Hxˆ)i)) = E(yi(Hx)i)− E((Hx)2i )− E(yi(Hxˆ)i) + E((Hx)i(Hxˆ)i)
= (Hx)2i − (Hx)2i + (Hx)iE((Hxˆ)i)− (Hx)iE((Hxˆ)i)
= 0.
Using the equality E(Z2) = Var(Z) + (E(Z))2,
E
(
((Hxˆ)i − (Hx)i)2
)
= Var((Hxˆ)i − (Hx)i) + (E((Hxˆ)i − (Hx)i))2
= Var((Hxˆ)i) + B((Hxˆ)i)
2.
Since E ((yi − (Hx)i)2) = E (n2i ) = σ2, we finally have
E((yi − (Hxˆ)i)2) = σ2 +Var((Hxˆ)i) + B((Hxˆ)i)2.
We can therefore write that
E
(‖y −Hxˆ‖2) = Nσ2 + tr(Cov((Hxˆ))) + ‖B((Hxˆ))‖2,
where Cov represents the covariance matrix of Hxˆ and tr its trace, that is
tr(Cov((Hxˆ))) =
∑
i
Var((Hxˆ)i).
We are wondering if the night sky is more a bias or variance issue. To answer
this question, we create several images, with different realizations of the noise, but
with the same characteristics, that is
∀k ∈ N, yk = (Hx) + nk, with nk ∼ N (0, σ), σ fixed.
The MAP estimate is computed thanks to Nesterov algorithm for each set, giving
xˆkMAP , the MAP estimate for each one of the realization of the noise. On each
one of the images, we observe some night sky effect, meaning that it systematically
happens. Therefore, its apparition is a bias of the method (see Figure 4.9 for two
examples of images obtained as MAP estimate). However, as it can be seen on those
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two images, the night sky is not exactly the same; more precisely, we averaged the
MAP estimates for the different realizations, the night sky does not totally disappear
but it is really reduced, as it can be seen in Figure 4.9 also, comparing the average
on 100, 1000 and 10000 results. With no doubt averaging the result with different
realizations diminishes the night sky (last image of Figure 4.9). The filaments are
still not totally continuous, and we cannot know if an infinite number of realizations
would make the night sky totally disappear. However, this clearly shows that the
night sky is mostly a variance effect.
(a) xˆMAP for σ = 0.1 (b)-(c) xˆMAP for 2 different realizations of the noise
(d) Average of xˆkMAP , (e) Average of xˆ
k
MAP , (f) Average of xˆ
k
MAP ,
k = 100 k = 1000 k = 10000
Figure 4.9: Experiments on night sky: in (a) we notice that even for a quite small noise, standard
deviation of 0.1, the MAP estimate suffers from night sky. On the other images are presented the
experiments averaging the MAP estimates obtained for several realizations of the noise on the same
ground truth image; (b)-(c) show two reconstructions obtained with two different realizations of the
noise, they both have very visible night sky, but we can see that the intense points do not seem to
be all at the same positions. And, indeed, the averaged images (c)-(d)-(e) for 100, 1000 and 10000
MAP estimates show more and more the structures of the fibroblast. The last one is not totally
continuous, but the night sky is really not visible anymore; this means that the night sky is mainly
a variance issue.
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4.3 Plausibility of the result
Given x, the ground truth, the observation y is written as y = Hx + n, with
n ∼ N (0, σ2). Let us denote x˜ the estimate of x obtained by any algorithm; thanks
to this estimate, an estimate of the noise, n˜, is computed by
n˜ = y −Hx˜.
We are wondering, if this noise estimate is plausible. In [88] for instance, it is shown
that the distributions of both the MAP estimate and the noise one are biased.
In the following, we only focus on additive Gaussian noise; trying to minimize
‖y−Hx˜‖2 is totally equivalent, as said in Chapter 2 by Parseval equality, to minimize
‖yˆ − Ĥx˜‖2 which by definition consists in minimizing a sum made of the differences
between the coefficients of the discrete Fourier Transforms of the input data and
those of the estimate after application of the operator H. However, in the case of
deconvolution, the operatorH strongly attenuates high frequency coefficients, so that
the estimate x˜ can afford non consistent energy in the high frequency coefficients,
since they will have a very small impact after the convolution, and thus do not affect
‖yˆ − Ĥx˜‖2, as shown in Figure 4.10. The idea of the method is to find at which
moment (and then which iteration of the Nesterov algorithm) the solution is only
fitting noise, and no more the signal itself.
4.3.1 Estimation of the plausibility
To estimate the plausibility of n˜, we focus on the plausibility of its squared L2
norm ‖n˜‖2: if it is too low to be plausible, according to the known property of the
noise degrading the image, the iterations are stopped and the result is given by the
previous iteration. If M is the total number of pixels of the image y, each pixel of
the image y−Hx˜ is a realization of the noise. By definition, the real noise n satisfies
∀i ∈ Ω, n(i) ∼ N (0, σ2), so that
‖n‖2
σ2
∼ χ2(M),
where χ2(M) is the chi-squared distribution with M degrees of freedom, which can
be approximated for M quite large by N (M, 2M), giving
Z − 1√
2
M
∼ N (0, 1), with Z = 1
M
‖n‖2
σ2
.
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DFT iteration 501 DFT after convolution DFT of the Gaussian
Nesterov algorithm with a Gaussian kernel kernel
Figure 4.10: Effect of the convolution on an iterate obtained during Nesterov algorithm: on
the left, we see the modulus of the discrete Fourier transform, in logarithmic scale, of the image
obtained during iteration 501 of Nesterov algorithm (with night sky starting to appear, explaining
the unusual distribution of energy of the Fourier transform), in the middle, the modulus of the
Fourier transform, in logarithmic scale, with the same color-map as the first one, of the image
obtained after convolution with a Gaussian kernel, whose modulus of the Fourier transform is
represented on the right. We can see that after convolution the high frequency coefficients are very
low compared to the original ones. Since the energy only depends on the image after convolution,
the night sky artifact is not really controlled by the energy.
We have
∀z ∈ R, P(Z > z) = P
Z − 1√
2
M
>
z − 1√
2
M
 . (4.14)
Given D ∼ N (0, σ2), we recall that
∀d ∈ R, P(D > d) = 1
2
erfc
(
d√
2
)
,
where erfc is the complementary error function, so that (4.14) becomes
∀z ∈ R, P(Z > z) = 1
2
erfc
(
(z − 1)
√
M
2
)
.
Given a fixed value of α (usually quite small), the value t such that P(‖n‖2 >
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t) = 1− α satisfies
P
(
Z >
t
Mσ2
)
= 1− α,
1
2
erfc
((
t
Mσ2
− 1
) √
M
2
)
= 1− α.
The value of t is thus defined by
t =
(
erfc−1 (2(1− α))× 2√
M
+ 1
)
×Mσ2. (4.15)
The idea of the plausibility criterion is to check at each iteration k of the algo-
rithm, proposing image x˜k that n˜k = y−Hx˜k, the estimate of the noise, is plausible.
We consider that the proposal is plausible if P(‖n‖2 < ‖n˜‖2) > α. The critical value
for ‖n˜‖2 can be computed using Formula (4.15). The L2 distance of the estimate of
the noise equals
‖n˜k‖2 = ‖y −Hx˜k‖2,
and is exactly the energy multiplied by 2σ2. This means that the plausibility criterion
does not require additional computation. It can only be a supplementary condition
on the continuation of the algorithm: it should stop when the energy is below the
critical value t, according to the chosen value of α.
4.3.2 Adaptation of the algorithm
As mentioned, the only change in the algorithm is an additional condition on
the energy value; the value of t is computed once at the beginning of the algorithm.
At each iteration, there is a check that the energy is not smaller than t, leading to
Algorithm 4.
Remark 21. This criterion can also be adapted to a projected gradient algorithm,
or any other algorithm, adding a condition on the energy value at each iteration.
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Algorithm 4: Nesterov algorithm using plausibility criterion
Inputs x0 ∈ RΩ+, initialization, L, Lipschitz constant for ∇f , Ni number of
iterations, α, such that P(‖n‖2 > ‖n˜‖2) ∼ 1− α , σ, standard deviation of the
Gaussian noise applied to the data
Output xold, last plausible estimate obtained estimating xˆMAP
g ← 0,
t← (erfc−1 (2(1− α)) 2√
M
+ 1)Mσ2
x← x0
E ← E(x)
k ← 0
while k < Ni and 2σ
2E < t do
xold ← x
gradE ← ∇E(x)
y ← max(0, x− gradE
L
)
g ← g + k+1
2
gradE
v ← max(0, x0 − gL)
x← 2
k+3
v + k+1
k+2
y
E ← E(x)
k ← k + 1
end while
return xold
4.3.3 Results with plausibility criterion
This criterion was tested with Nesterov algorithm for several images, among the
ones presented before. In Figure 4.11 are compared the blurry and noisy images with
the real MAP estimate obtained with Algorithm 3 (presenting night sky in all cases)
and the last plausible iteration generated by Algorithm 4. The algorithm stops before
the apparition of the night sky for the 3 of them, and a real gain of sharpness can be
observed. In Figure 4.12, a profile shows a better separation after deconvolution but
also the appearance of details that were not visible on the blurry image, meaning
that some deblurring was performed.
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Input image MAP estimate Last plausible result
Figure 4.11: Illustration of the plausibility criterion on several images. From left to right: original
blurry and noisy image (Gaussian noise) - MAP estimate (converged result of Nesterov algorithm)
with night sky - last plausible result obtained during Nesterov algorithm estimating the MAP
estimate. With no doubt the last image shows a gain of sharpness in comparison to the first one,
curves are thiner, even if not all separations are visible. We can observe that the criteria permits
the algorithm to stop before the presence of night sky.
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Figure 4.12: Cross-section from fibroblast image (image in the middle of Figure 4.11), on a line
made of separated filaments. The comparison between the original image, the blurry/noisy one and
the plausible estimate clearly shows that some deblurring was performed; indeed the separations
are stronger in the plausible estimate, and we can also see some separations that had been hidden
destroyed by the convolution. The real MAP estimate is made of distributions of Dirac, with very
high intensities, not representative of the original signal.
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Chapter 5
Emitters-Least-Square Error
estimator - Application to
deconvolution with positivity
constraint
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146 Emitters-Least-Square Error estimator
In [76], the Least-Square Error (LSE) estimate, computed by
xˆLSE =
∫
Rn
p(x|y)xdx =
∫
Rn
e−Ey(x)xdx∫
Rn
e−Ey(x)dx
= E(x|y), (5.1)
with y ∈ Rn the noisy version (Gaussian noise) of x ∈ Rn that we want to recover.
This approach is different from the Maximum A Posteriori estimate, which computes
“the” image that minimizes the energy; this minimum may not be totally represen-
tative of the posterior density.
The integrals in (5.1), computed on a space of large dimension (n is the number
of pixels of the image), require special tools to be estimated. Indeed, methods using
regular sampling (such as rectangles method) are not possible with such a huge di-
mension. We use Monte Carlo Markov chain, MCMC, methods with the algorithm
of Metropolis-Hastings. We briefly recall the principles and convergence properties
of MCMC and of Metropolis-Hastings algorithm, which enables to generate a chain
with a chosen stationary distribution. Then, we adapt the computation of the LSE
estimate in the case of deconvolution with positivity constraint. Finally, we define
an estimate more adapted to sparse images, called Emitters-Least-Square Error (E-
LSE) estimate.
We recall that, in the following, we are dealing with images whose rows are
assembled to create a vector of size n. We may sometimes refer to Ω, the set of
pixels of x, the image to recover; it satisfies |Ω| = n, so that the integrals on Rn and
on RΩ are equivalent. y is defined on Ω′, with |Ω′| = p > n.
5.1 Brief recall on MCMC methods
A MCMC, for Monte Carlo Markov chain, is a method allowing to sample a
probability distribution, using Markov chains. Indeed, if we know how to sample from
the probability density law exp(−Ey(x))/Z, we know how to estimate the expectation
of this law, and thus how to compute x̂LSE. We recall that a Markov chain is a
discrete random process, whose next state uniquely depends on the current state, and
is independent from its past ones. We focus on Metropolis-Hastings algorithm that
defines a Markov chain, with a given stationary distribution, by using a transition
procedure divided in two phases: a proposal of a new state and an acceptance or
rejection of this state. We briefly present the principle of this method and focus
on how to implement Metropolis-Hastings algorithm in practice to approximate the
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estimate (5.1). In this formula, the space of definition of the integrals is Rn. However,
when computing numerically the estimate, the set of states is finite. For this reason,
and because Markov chains with a finite state space are really easier to address
theoretically, in the following, we present the definitions and properties in the case
of finite state space. Remark 22 will, however, briefly consider the continuous case.
5.1.1 Definitions
Definition 1. Given a set I, called the state space, a random process (γk)k>0 ∈ IN
is a Markov chain with initial distribution µ if, for any i0, . . . , ik+1 ∈ I,
• P(γ0 = i0) = µ(i0),
• P(γk+1 = ik+1|γ0 = i0, . . . , γk = ik) = P(γk+1 = ik+1|γk = ik).
Definition 2. The Markov chain (γk) is said to be homogeneous if
∀k ∈ N, ∀(i, j) ∈ I × I, P(γk+1 = i|γk = j) = P(γ1 = i|γ0 = j).
If I is finite (let us set I = {1, 2, . . . , K}), we can define the transition matrix
P = (pi,j)1≤i,j≤K , with
pi,j = P(γ1 = i|γ0 = j).
The Markov Chain (γk) is then fully characterized by the initial distribution µ and
the transition matrix P .
Definition 3. We say that a Markov chain is irreducible if each one of its states
communicates with each other, that is each state is accessible from each other one.
Definition 4. A Markov chain (γk) with transition matrix P is said to have π =
(πi)i∈I as a stationary distribution if π = πP .
5.1.2 Main theorem
The convergence theorem in the case of finite states space can then be expressed
as (see for instance [45]),
Theorem 1. Given an irreducible Markov chain, (γk)k≥0, with stationary distribu-
tion π, defined on a finite state space I, we have
∀f : I → R, 1
N
N∑
k=1
f(γk) −→
N→+∞
∑
i∈I
f(i)π(i) a.s.
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This means that we can approximate the value of
∑
i∈I f(i)π(i), which can be an
approximation of
∫
Rn
f(x)π(x)dx, with the average value of the f(γk) for 1 ≤ k ≤ N .
Remark 22. The convergence theorem can be expressed in a continuous framework
as (see for instance [81] and [75] for the exact definition of the properties of the
chain): given (γk)k=1,...,N an Harris-recurrent chain (i.e irreducible, with a stationary
measure, π, and for all A with π(A) > 0, the chain will visit A infinitely often,
whatever the first state of the chain is), we have
∀f ∈ L1(π), 1
N
N∑
k=1
f(γk) −→
N→+∞
∫
f(x)π(dx) a.s. ,
meaning that the integral of a function f ∈ L1(π) can be approximated with the
average value of the f(γk) for 1 ≤ k ≤ N .
In Formula (5.1), π is the measure with density
p(x) =
e−Ey(x)∫
Rn
e−Ey(z)dz
=
1
Z
e−Ey(x), (5.2)
where Z is simply a normalizing factor. We thus need to know how to create a Harris-
recurrent chain with stationary measure π, which can be done using Metropolis-
Hastings algorithm.
5.1.3 Metropolis-Hastings algorithm
The algorithm of Metropolis-Hastings, first created by Metropolis in the 1950’s
[80] and improved by Hastings in the 1970’s [51], enables to create a chain with
stationary distribution π. Its density p is used in a phase of acceptance/rejection of
a proposed state of evolution for the chain. Here, we present the discrete version of
the algorithm [45], which will be the one used to approximate the estimates.
Given a proposal distribution q(·|·) and a Markov chain γk, with an initial measure
γ0, we define its transition matrix P as follows
P (γk, γk+1) =

ρ(γk, γk+1)q(γk|γk+1) if γk 6= γk+1∑
v
(1− ρ(γk, v))q(v|γk)dv otherwise ,
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with
ρ(γk, γk+1) =
min
(
p(γk+1)
p(γk)
q(γk|γk+1)
q(γk+1|γk) , 1
)
if p(γk)q(γk+1|γk) > 0
1 if p(γk)q(γk+1|γk) = 0
.
Then, if γ0 is chosen such that its support belongs to the one of π, π is a stationary
distribution for γk.
This leads to an algorithm with the following steps
— compute γk+1/2 ∼ q
(
γk+1/2|γk
)
— if p(γk+1/2)q
(
γk
∣∣γk+1/2 ) > p(γk)q (γk+1/2 |γk ) then γk+1 = γk+1/2
otherwise γk+1 =
{
γk+1/2 with probability p = min
(
p(γk+1/2)
p(γk)
q(γk|γk+1/2)
q(γk+1/2|γk) , 1
)
γk with probability 1− p
The proposal distribution q should respect some criteria:
— it should be easy to implement,
— jumps between two states of the chain should not be too “big”,
— the parameters should be chosen so that the proposal is not rejected too often
(otherwise convergence can be quite long), but not accepted too often either;
without entering into details (which can be found in [76]), an optimal proposal
distribution should be chosen so that the acceptance rate, that is the number
of times the proposal γk+1/2 is accepted with respect to the total number of
proposed changes, is around 0.234 [20].
In our case, the proposal distribution is also chosen to ensure the positivity of the
solution, the only constraint on the solution. More precisely, in the case of the LSE
estimate, q, which enables to go from image u = (ui)i∈{1,...,n} to u′ = (u′i)i∈{1,...,n}, is
chosen as follows
q(u′|u) = 1
n
n∑
i=1
(∏
j 6=i
δuj(u
′
j)
)
1
2α
1| log(ui)−log(u′i)|≤α, (5.3)
that is, between two states of the chain, up to one pixel value is modified. The
choice | log(ui) − log(u′i)| ≤ α ensures to preserve the positivity, given a positive
initialization, since we have u′i = e
βui, β ∼ U[−α,α].
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Remark 23. The function q(·, u) is a probability density on the set defined by
n⋃
i=1


...
ui−1
λ
ui+1
...
 , | log(λ)− log(ui)| ≤ α

.
Remark 24. In the algorithm proposed by Metropolis-Hastings, only the ratio of
p(γk) and p(γk+1) needs to be computed and since they have the same normalizing
factor, Z, defined in (5.2), there is no need to estimate Z.
5.1.4 Parameters for the computation of the estimate
In the following, the chosen function f is the coordinate function, that is fz :
x 7→ x(z) for each pixel z; it is square integrable with respect to π. According to
Theorem 1, an estimation of the gray level xˆLSE can be approximated by averaging
the results of the function f for all the states of an irreducible chain with station-
ary distribution π. First we cannot have an infinite number of states for the chain,
meaning that we need to fix a number of iterations, called Ni. It has to be chosen
large enough, so that the result correctly approximates the estimate (convergence is
reached) and does not depend much on the initialization.
However, since, from one state to another, no more than one pixel has been
modified, with our choice of proposal distribution, we decide that each iteration k,
with 1 ≤ k ≤ Ni is decomposed into ni sub-iterations. In the following, for the LSE,
we set ni = |Ω| = n, so that, in average, each pixel has been modified during one
iteration. At each chain γk we associate Υk, defined by
∀k ∈ {1, . . . , Ni}, Υk = γkni , (5.4)
and we use Υk for the computation of the estimates.
Instead of using all the states of the produced chain, that is the Υk, 1 ≤ k ≤ Ni,
a method called burn-in is used (see [75] for instance) which consists in averaging all
the iterations produced after iteration b, which is called the burn-in parameter. b has
to be chosen so that the stationary regime of the chain is more or less reached, and
enables that the initialization does not impact the final result. The approximation
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of the estimate is then given by
1
Ni − b
Ni∑
k=b+1
f(Υk),
and an optimal way to find b is proposed in [75]. In our case, it will be fixed. Most
of the time, we chose b = Ni/2.
In [75] again, we can find a convergence criteria using two Markov chains, γn and
γ′n, with their corresponding Υn and Υ
′
n as defined in (5.4). The following equality
can be proven, for b and Ni large enough∥∥∥∥∥ 1Ni − b
Ni∑
k=b+1
f(Υk)− xˆLSE
∥∥∥∥∥
2
≃ 1√
2
∥∥∥∥∥ 1Ni − b
Ni∑
k=b+1
(f(Υ′k)− f(Υk))
∥∥∥∥∥
2
.
Then to obtain a precision of ε, one can stop when
1
Ni − b
Ni∑
k=b+1
(f(Υ′k)− f(Υk)) ≤ 2ε,
and the estimate is given by
1
2
(
1
Ni − b
Ni∑
k=b+1
(f(Υ′k)− f(Υk))
)
and is expected to lie at a maximum value of ε from xˆLSE.
However, in the case of deblurring and especially with the estimate E-LSE that
we present at the end of this chapter, the chains sometimes get blocked in a config-
uration; the changes between two states become either less frequent or are not very
significant. That is the reason why, in order to speed up the algorithm, we generalize
this idea to several chains, Nc. Given Nc computed chains (γ
l
k)1≤k≤Ni, 1≤l≤Nc , and
their corresponding (Υlk), the estimate is given by
1
Nc
Nc∑
l=1
1
Ni − b
Ni∑
k=b+1
f(Υlk).
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5.2 Least-Square Error Estimate
The Maximum A Posteriori estimate, although it is a natural choice, is not really
representative of the posterior density; in [52], the authors explain that this esti-
mate is only depending on the mode location, whatever its probability is. With the
posterior expectation, we expect to generate an estimate that describes better the
posterior density. The idea of using this kind of estimate in image processing is not
new, it has been studied in the 1990’s by Besag in [16] for instance.
5.2.1 Denoising with Least-Square Error estimate
Gaussian denoising with Total variation prior
As mentioned before, xˆLSE was proposed for Gaussian denoising. The full model
and its properties can be found in [75]. The Total Variation (TV) operator was used
as a prior, giving the following definition of xˆLSE
xˆLSE =
∫
Rn
exp
(
−‖x−y‖2+λTV (x)
2σ2
)
xdx∫
Rn
exp
(
−‖x−y‖2+λTV (x)
2σ2
)
dx
, (5.5)
with λ the regularization parameter. First proposed in [96] for image restoration,
the Maximum A Posteriori estimate with TV prior can be computed really quickly
thanks to Chambolle algorithm [24]; however it is known to present an artifact called
staircasing. This artifact is characterized by the fact that a (noisy) linear signal will
have a piecewise constant xˆMAP estimate and not linear as expected. On the contrary,
the computation of the expectation of the posterior density (5.5) totally avoids this
artifact, emphasizing that xˆMAP may not be the most representative estimate. In
that case, the LSE seems to be a better representation.
Poisson denoising
First, we propose to compute the LSE estimate, xˆLSE, in the case of Poisson
denoising, without regularization, only positivity, induced by the Poisson assumption.
Given (xk)k∈J1,nK, with xk > 0, and yk ∈ N defined by
∀k ∈ J1, nK , yk ∼ P(xk),
5.2. Least-Square Error Estimate 153
the energy associated to the denoising problem is given by Formula (4.8), withH = I,
that is
∀x
∫
R
n, Ey(x) =
n∑
j=1
xj − yj log(xj). (5.6)
The value of the estimate given by Formula (5.1) is therefore given by
xˆLSE =
∫
R
n
+
exp
(
−
n∑
j=1
xj + yj log(xj)
)
xdx
∫
R
n
+
exp
(
−
n∑
j=1
xj + yj log(xj)
)
dx
,
and is explicit. Let us first compute the numerator, we have
I =
∫
R
n
+
e−Ey(x)xdx =
∫
R
n
+
exp
(
−
n∑
j=1
xj + yj log(xj)
)
dx1 · · · dxn
and using exponential function properties,
I =

...∫
R
n−1
+
(∏
j 6=k
x
yj
j
)
exp
(
−
∑
j 6=k
xj
)(∫
R+
(
xyk+1k
)
e−xkdxk
)
dx1 · · · dxk−1dxk+1 · · · dxn−1
...

1≤k≤n
.
We can recognize the Gamma function defined as
∀t ∈ R, Γ : t 7−→
∫ +∞
0
xt−1 exp(−x)dx,
giving
∫
R
n
+
xe−Ey(x)dx =

...∏
j 6=k
Γ(yj)× Γ(yk + 1)
...

1≤k≤n
.
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Using the property of Gamma function, ∀t ∈ R, Γ(t+ 1) = tΓ(t), we have
∫
R
n
+
xe−Ey(x)dx =

...
n∏
j=1
Γ(yj)× (yk + 1)
...

1≤k≤n
. (5.7)
An identical computation for the denominator leads to
∫
R
n
+
e−Ey(x)dx =

n∏
j=1
Γ(yj)
...
n∏
j=1
Γ(yj)
 , (5.8)
so that the ratio (5.7) / (5.8), gives
∀k ∈ J1, nK , (xˆLSE)k = yk + 1. (5.9)
Computing the LSE estimate on data corrupted by Poisson noise leads to a bias
of 1 on the input data. Therefore, the use of this estimate on such data will not
give an interesting denoising result; however, it shows that, numerically, the chain
created thanks to Metropolis-Hastings algorithm converges to the correct estimate.
We propose to create a chain defined by
γk+1 =
{
γk+1/2 = γk + (e
Zk − 1)γk(Xk)δXk if Ak > Yk
γk else
, (5.10)
with Zk ∼ U[−α,α] (α > 0 fixed), Yk ∼ U[0,1], Xk ∼ UΩ, (Xk, Yk, Zk) independent
random variables and
Ak =
p(γk+1/2)
p(γk)
q(γk|γk+1/2)
q(γk+1/2|γk) . (5.11)
For a Poisson distributed noise, we have that p(γk) = 1/Z exp (−Ey(γk)) , with
Ey defined as in (5.6), that is
p(γk) =
1
Z
exp
(
n∑
j=1
xj − yj log(xj)
)
.
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Since p(γk+1/2) differs from p(γk) by only the value of the pixel Xk (which may
change from γk(Xk) to γk(Xk)e
Zk), we can isolate the contribution of this pixel in
both chains, leading to the following difference between the energies,
Ey(γk+1/2)− Ey(γk) =
(
γk(Xk)e
Zk − yXk log(γk(Xk)eZk)
)
− (γk(Xk)− yXk log(γk(Xk)))
= γk(Xk)
(
eZk − 1)− yXk (log(γk(Xk)eZkγk(Xk)
))
= γk(Xk)
(
eZk − 1)− yXkZk,
leading to
p(γk+1/2)
p(γk)
=
e−Ey(γk+1/2)
e−Ey(γk)
= exp
(−γk(Xk) (eZk − 1)+ yXkZk) .
Concerning the proposal distribution, q, which enables to go from image u =
(ui)i∈{1,...,n} to u′ = (u′i)i∈{1,...,n}, it is chosen as in Formula (5.3), that is, between
two states of the chain, up to one pixel value is modified. The choice of multiplying
the intensity by exp(Zk) with Zk ∼ U[−α,α] in Formula (5.10) ensures to preserve the
positivity, given a positive initialization.
Given, like in Formula (5.10), that the chosen pixel to modify is Xk, the ratio
q(γk+1/2|γk)/q(γk|γk+1/2) in (5.11) can then be written using the proposal distribution
defined in (5.3), as
q(γk|γk+1/2)
q(γk+1/2|γk) =
γk+1/2(Xk)
γk(Xk)
= eZk . (5.12)
Using Metropolis-Hastings as it was presented in Subsection 5.1.3, the probability
p is written, in the case of denoising data with Poisson distributed noise, as
p =
p(γk+1/2)
p(γk)
q(γk|γk+1/2)
q(γk+1/2|γk) = exp
(
Zk − γk(Xk)
(
eZk − 1)+ yXkZk) ,
with Zk ∼ U[−α;α].
The burn-in method, as well as the control of convergence presented in Subsection
5.1.4, are used to produce the estimation of xˆLSE. We use two independent Markov
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chains, γn and γ
′
n, their corresponding Υn and Υ
′
n given by (5.4), and compute the
estimate as
xˆLSE ≃ 1
2
(
1
Ni − b+ 1
Ni∑
k=b+1
Υk +
1
Ni − b+ 1
Ni∑
k=b+1
Υ′k
)
, (5.13)
and stop for Ni such that∥∥∥∥∥ 1Ni − b+ 1
Ni∑
k=b+1
Υk − 1
Ni − b+ 1
Ni∑
k=b+1
Υ′k
∥∥∥∥∥
2
≤ 2ε. (5.14)
The result given by (5.13) with ε = 0.1 can be seen in Figure 5.1. It reflects the
theoretical Formula (5.9): a bias of 1 is visible between the input data and xˆLSE.
The algorithm of Metropolis-Hastings, adapted to create one chain according to this
scheme and used to generate the result, is presented in Algorithm 5. To make the
algorithm converge faster, we chose to initialize the chain with the input vector y.
Algorithm 5: Computation of one chain (Ni iterations of n sub-iterations) in
the case of denoising y ∈ Rn, data corrupted with Poisson noise
Inputs y ∈ Rn, input data, γ0 s.t. γ0 = y initialization, Ni, number of iterations,
α scaling parameter
Output Γ one of the chain used for the approximation of the LSE estimate
k ← 0
repeat
draw x ∈ UJ1,nK
draw β ∈ U[−α;α]
γk+1/2 ← γk + γk(x)(1− eβ)δe
p← min (exp (β(1 + y(x))− γk(x) (eβ − 1)) , 1)
γk+1 ←
{
γk+1/2 with probability p
γk with probability 1− p
k ← k + 1
until k = Ni × n
Γ = 1
Ni−b+1
Ni∑
k=b+1
γk×n
return Γ
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(a) Ground truth (b) Input data (c) LSE estimate
 
 
0.9
0.95
1
1.05
1.1
(d) Difference between LSE result (e) Evolution of ‖xˆLSE(i)− (y(i) + 1)‖2 for one
and input data pixel during iterations
Figure 5.1: Illustration of denoising with the LSE estimate on data corrupted by Poisson noise; (a)
ground truth, (b) ground truth corrupted by Poisson noise, (c) LSE estimate (use of 2 chains, results
computed by Formula (5.13), around 500, 0000 iterations to obtain convergence as in (5.14) for ε =
0.2), (d) image of the difference between the input data and the LSE estimate and (e) representation
of ‖xˆLSE(i) − (y(i) + 1)‖2 for one pixel. Visually, the LSE estimate is not better than the input
image. This is logical since it simply introduces a bias of 1. However we see that the created
model converges to the correct estimate (5.9). First, it can be seen on the image of the difference
whose pixels are all around 1 (mean of 0.9997, variance of 7.2569e-04); secondly, the convergence
of ‖xk(i) − (y(i) + 1)‖2, where xk(i) is the value of the estimate at iteration k, with x0(i) = y(i),
varies a lot at the beginning of the algorithm, with the exploration of different states of the chain,
but then stabilizes close to 0, meaning xk(i) ≃ (y(i) + 1).
5.2.2 LSE estimate for deblurring
The LSE estimate can be adapted to the problem of deconvolution under pos-
itivity constraints. xˆLSE is defined by integrating (5.1) on R
n
+, using the model of
deconvolution. The energy Ey(x) can be either the Gaussian one or the Poisson one;
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we recall them from Chapter 4, ∀i ∈ {1, · · · , p}, p > n,
yi ∼ P((Hx)i)⇔ ∀x ∈ Rn, Ey(x) = (Hx)t1Rp − yt log(Hx), (5.15)
yi ∼ N ((Hx)i, σ2)⇔ ∀x ∈ Rn, Ey(x) = ‖Hx− y‖
2
2σ2
,
and π is defined, as before, by p(x) = 1/Z exp(−Ey(x)).
The algorithm is exactly the same as Algorithm 5, except for the acceptance
probability. The state k+1/2 of the chain, when Xk is the modified pixel, is written,
as before, as
γk+1/2 = γk + γk(Xk)(e
β − 1)δXk , β ∼ U([−α, α])
and the ratio of the proposal distributions is the same as in the case of denoising.
However the difference between old and new energy is a bit different, because of the
convolution. Let us denote Sϕ the spatial support of the convolution kernel ϕ
Sϕ = supp(ϕ), with |Sϕ| = K,
with K ≪ n in most cases. One needs to recompute all the pixel values for pixels
belonging to the support of the kernel centered on Xk (that is only for K pixels). In
both cases of noise, the difference between Hγk and Hγk+1/2 is given by
Hγk+1/2 = Hγk + γk(Xk)(e
β − 1)ϕ(· −Xk).
This means that for each iteration, the computation of the convolved proposal,
Hγk+1/2, is made by adding to the current convolved chained, Hγk, the weighted
kernel at the position Xk. The weight is given by the difference between the pro-
posed and the old value.
The nature of the noise only impacts the acceptance probability. Let us first
compute in both case δE = Ey(γk+1/2) − Ey(γk). In the case of data corrupted by
Poisson noise, we have
δE =
∑
(i−Xk)∈Sϕ
γk(Xk)(e
β − 1)ϕ(i−Xk)− yi log
(
(Hγk)i+γk(Xk)(e
β−1)ϕ(i−Xk)
(Hγk)i
)
, (5.16)
and in the case of Gaussian noise,
δE =
∑
(i−Xk)∈Sϕ
((Hγk+1/2)i − yi)2 − ((Hγk)i − yi)2. (5.17)
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The difference between the energies is used for the computation of p,
p =
p(γk+1/2)
p(γk)
q(γk|γk+1/2)
q(γk+1/2|γk) = exp
(−(Ey(γk+1/2)− Ey(γk))) eβ, (5.18)
where the first term is given by Formulas (5.16) and (5.17), depending on the noise,
and the ratio of proposal distributions comes from Formula (5.12).
In this case, the LSE estimate is approximated using Nc chains, γ
l
k, by
xˆLSE ≃ 1
Nc
Nc∑
l=1
1
Ni − b
Ni∑
k=b+1
γlk.
In Figure 5.2, we present the influence of the scaling parameter α on the ac-
ceptance rate: as expected, a very small value gives so small changes that the new
state is very often accepted and on the contrary, a big value reduces drastically the
acceptance rate since the gap between two values rises. In the following, we took a
value of α such that the acceptance rate is between 20 and 30% once it is stabilized.
The value of α depends on input image (its values, the applied noise...).
In Figure 5.3 are presented results with the two kinds of noise. They both present
night sky artifact, like the MAP estimate. Indeed, when looking at the final states of
the different chains, we can see that most of them present the artifact, and therefore,
so does their average.
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(a) Averaged final acceptance rates (b) Evolution of the averaged rates
according to the value α according to iterations
Figure 5.2: (a) Mean value of the final acceptance rates according to the values of the scaling pa-
rameter α (the proposition of the new intensity of the pixel being multiplied by eβ , β ∼ U([−α, α]))
and (b) evolution of the averaged acceptance rates during the iterations for the values of scaling
giving the “optimal” final rate according to [20] (close to 0.234), that is α = 4 in the Gaussian case,
α = 6 in the Poisson one. These values were computed using around 5000 chains. As expected, for
a small value, which creates very small changes of intensity, the acceptance rates are quite high,
and they decrease when α increases. We can notice on (b) that the acceptance rates in the first
iterations are quite low and then almost stabilize.
The variance error estimation per pixel, which can be computed by
1√
Nc
√
n
∥∥∥∥∥∥
Nc∑
i=1
 1
(Ni − b)Nc
Ni∑
k=b
(γik)
2 − 1
(Ni − b)
(
1
Nc
Ni∑
k=b
γik
)2∥∥∥∥∥∥
2
, (5.19)
is represented in Figure 5.5 and can be used to control convergence.
5.2.3 Energy weighting
As seen in the previous Chapter, the non converged MAP gives better results than
the real estimate, avoiding the night sky effect. This gives the idea of computing,
instead of xˆLSE,
xˆλLSE =
∫
RΩ
xe−λEy(x)dx∫
RΩ
e−λEy(x)dx
, (5.20)
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(a) Ground truth (b) Convolution and (c) Convolution and
Gaussian noise Poisson noise
Ground truth Convolution and Convolution and LSE LSE
Gaussian noise Poisson noise Gaussian noise Poisson noise
Figure 5.3: Illustration of the Least-Square Error estimate in the cases of Poisson and Gaussian
noise. On top, the ground truth image (a) has been blurred with a Gaussian kernel with standard
deviation 2; Gaussian noise, with standard deviation 2, was added (b) or Poisson noise was applied
(c) and LSE estimates were approximated. In order to see precisely the results, we chose three
regions, drawn on the original images. The results on these regions are represented below, compared
with the original image and the convolutions. It is clear that in both cases the night sky effect was
not removed thanks to this estimate. The almost constant black background is recovered as a
texture, the filaments have lost their continuities. On top of that the biological elements looking
like dots were not really separated.
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Figure 5.4: Evolution of the (averaged) energies in both case, according to the number of itera-
tions, is shown below. Results were obtained with 1, 000 iterations, averaging the last quarter of
the iterations; around 4, 000 chains were used. Energies in both cases decrease very fast during the
first iterations and then stabilize.
Figure 5.5: Evolution of the averaged variance error estimation per pixel, given by Formula (5.19),
for both Poisson and Gaussian LSE-estimate from images of Figure 5.3 is represented according
to the number of chains. The error decreases drastically during the 500 to 1, 000 first chains but
would require a very large number of chains to totally stabilize; indeed, we can see that it continues
to decrease even after 3000 chains (but quite slowly).
which consists in a weighting of the energy. This formula can be used for both models
of noise. We present the results of this estimate on three values of λ in Figure 5.6, as
well as a zoom on the regions of interest for λ = 0.001 in Figure 5.7. As expected by
its definition, a very big value of λ leads to a result very close to the MAP estimate,
whereas a very small one creates a blurry image with no gain of resolution, since
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the probability of acceptation becomes more dependent on the intensities of emitters
than the energy, according to Formula (5.18). The results with λ = 0.001 are very
close to the result obtained with the plausibility criteria proposed in the previous
chapter. Concerning the implementation, it is totally equivalent to the classical LSE,
just replacing the computation of E by λE each time the total or partial energy is
computed.
LSE-Algorithm λ = 1 λ = 10000 λ = 100
λ = 0.1 λ = 0.001 λ = 0.000001
Figure 5.6: Influence of the energy weighting in the case of data corrupted by Gaussian noise:
(5.20) was computed for several values of λ from 0.000001 to 10000. The night sky effect is noticeable
on the images down to λ = 0.001 where the reconstruction is artifact free and more resolved than
the input image (see 5.7 for a comparison with the real and input data, on the same regions as
Figure 5.3). A too small value of λ, as it was predicted, creates an image with no details, where
the structures are not even visible anymore.
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Ground truth Convolution and Weighted LSE
Gaussian noise estimate, λ = 0.01
Figure 5.7: Zoom on the same regions as Figure 5.3 for λ = 0.001 (which seems the best com-
promise between deblurring and no artifact in Figure 5.6). We see that on the constant area, the
artifactual texture created by the LSE estimate is less visible, even if the image is not constant
either. The deblurring on filaments was quite efficient, comparing with the input image, as well as
the dots; however some structures seem to have disappeared or are really less intense than in the
original image.
5.3. Emitters-Least-Square Error Estimate 165
5.3 Emitters-Least-Square Error Estimate
5.3.1 Definition of the Emitters-Least-Square Error estimate
In order to take into account the sparsity of the result image (particularly true
in the case of microscopy, since the image is supposed to be obtained thanks to
a finite number of excited fluorophores), we propose to compute the Least-Square
Error estimate, but on the restricted set of images C ⊂ RΩ defined by
C =
{
x ∈ RΩ
∣∣∣∣∣x =
Ne∑
e=1
λeδpe , λe ∈ R, pe ∈ Ω
}
, (5.21)
with Ne < n = |Ω|. This means that we consider that the latent image can be
written as a sum of weighted Dirac distributions, located on some pixels of the result
image. It may be noticed that this definition does not prevent several emitters from
sharing the same position. The E-LSE estimate, xˆE−LSE, is defined as
xˆE−LSE =
∫
C
xe−Ey(x)dx∫
C
e−Ey(x)dx
.
Due to the structure of C and the definition of the Poisson energy in (5.15), we
decided to add a background constant, B, in the Poisson model, that is
∀i ∈ {1, · · · , p}, yi ∼ P((Hx)i +B),
leading to the Poisson energy
Ey(x) =
p∑
i=1
(Hx)i +B − vi log((Hx)i +B).
Adding a background value is very convenient in the case of Poisson noise, especially
when dealing with sparse images because it will prevent the logarithmic term from
exploding [119]. Moreover it can help modeling images with a constant background
but no information. Most of the time, in our cases, it is chosen quite small (< 0.1),
so that it does not affect the computed intensities.
In the previous chapters, we considered that the solution x was band-limited; in
the following, it satisfies x ∈ C, where C is defined by (5.21). The computation is
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then a bit different. The convolution, with the kernel ϕ, can be written as
∀i ∈ {1, · · · , p}, (Hx)i =
Ne∑
e=1
λeϕ(i− pe). (5.22)
This means that Hx =
∑
e λeϕ(·−pe), so that the image of the convolution is in fact
a sum of weighted copies of the kernel ϕ: the intensities of the emitters, λe, define
the weights and their positions, pe, the centers of the replicated kernels.
5.3.2 Initialization of the emitter positions
The number of emitters Ne is user defined, according to the input data. All the
chains generated during the algorithm have the same number of emitters. In order
to have “interesting” positions (that is quite close to the ones of the final solution)
from the very start of the algorithm, we chose to draw the initial positions using the
input data as a distribution of probability. Indeed, with this method, the chosen
positions should rarely belong to very dark zones of the image, where emitters are
less needed. More precisely, given y˜ = (y˜i)i=1,...,p, normalization of yi, that is
∀i ∈ {1, . . . , p}, y˜i = yip∑
i=1
yi
,
we decide that the probability of choosing pixel i as a position for initialization, X,
is given by P(X = i) = y˜i.
To draw the positions according to y˜, we use the cumulative distribution function
of X, FX whose definition is
∀i ∈ {1, . . . , p}, FX(i) =
∑
1≤k≤i
y˜k,
and given a uniform variable U ∼ U[0,1], we have that
∀i ∈ {1, . . . , p}, P(FX(i− 1) < U ≤ FX(i)) = P(FX(i))− P(FX(i− 1)) = y˜i.
This means that in order to generate the Ne positions with the desired law, we
can draw Ne uniform variables on [0, 1], Ue, and choose the positions pe as
∀e ∈ {1, · · · , Ne}, P(FX(pe − 1) < Ue ≤ FX(pe)).
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5.3.3 Optimization of the initial emitter intensities
Once the Ne positions are computed, the intensities are initialized with value
1, so that the expectation of the initialization is the input image. However 1 may
be not the optimal value for the emitter intensities. For this reason, we decide to
optimize this value at the beginning of the algorithm by looking for the constant A
that minimizes Ey(Ax). We present the result for both Gaussian and Poisson noise
distributions. In the first case, the computation is direct, whereas in the second one,
it requires to use a fixed point method, for instance Newton’s method.
Gaussian energy
The energy for Ax can be written as
Ey(Ax) = ‖H(Ax)− y‖22 =
p∑
i=1
(A(Hx)i − yi)2,
leading to
d
dA
(Ey(Ax)) =
p∑
i=1
2((H(Ax))i − yi)(Hx)i
= 2A
p∑
i=1
((Hx)i)
2 − 2
p∑
i=1
yi(Hx)i,
and then we have the equivalence
d
dA
(Ey(Ax)) = 0 ⇐⇒ A =
p∑
i=1
yi(Hx)i
p∑
i=1
((Hx)i)2
.
The optimal initialization in the Gaussian case is obtained by multiplying each
emitter intensity by the value of A defined above.
Poisson energy
In the Poisson case, because of the B term added in the logarithm, the expression
is not explicit and we propose to use Newton’s method to find the optimal value, A∗.
Note that this methods converges in a few iterations. A∗ is given by
A∗ = min
A∈R+
Ey(Ax).
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Setting F (A) = Ey(Ax) =
p∑
i=1
((H(Ax))i +B)− yi log((H(Ax))i +B), we have
F ′(A) =
p∑
i=1
(Hx)i − yi(Hx)i
(H(Ax))i +B
=
p∑
i=1
(Hx)i
(
1− yi
(H(Ax))i +B
)
. (5.23)
A∗ corresponds to the zero of (5.23), which cannot be computed directly. Using
Newton’s method, we define the sequence Ak, with
∀k ∈ N, Ak+1 = Ak − F
′(Ak)
F ′′(Ak)
. (5.24)
The computation of F ′′ gives
F ′′(A) =
p∑
i=1
((Hx)i)
2yi
((H(Ax))i +B)2
.
To be able to use Newton’s method, one needs that ∀k, F ′′(Ak) 6= 0; the denominator
is never 0 thanks to the additional B term. For the numerator, the condition is
∃i ∈ {1, . . . , p}, (Hx)i > 0 and yi > 0.
The first value of the sequence A0 should respect F
′(A0) 6= 0, otherwise Equation
(5.24) gives ∀k ∈ N, Ak+1 = Ak = A0. Due to convexity of the function, if the
minimum respects F ′(A∗) ≥ 0, the method converges if A0 satisfies A0 ≥ A∗.
An illustration of the fast convergence of this method can be seen in Figure 5.8
where the image from Figure 5.3 was initialized with different numbers of emitters
and the optimal constant was computed using (5.24). We can see that the opti-
mized constant significantly decreases the initial energy, avoiding this step during
the Metropolis-Hastings algorithm. In Figure 5.9 is drawn an example of the energy
function in the case of Poisson model according to the constant value.
5.3.4 Metropolis-Hastings for computation of the E-LSE es-
timate
The principle is the same as for the LSE estimate, except that the proposal
distribution q should enable an emitter to change its position; we denote V(pe) the
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Figure 5.8: Illustration of Newton’s method to find A∗: on top the evolution of the value of the
constant Ak during the iterations and at the bottom the evolution of the energy Ey(Akx) during
the iterations. The image of Figure 5.3 (200 pixels × 200 pixels) was initialized with 1, 000, 5, 000,
10, 000 and 40, 000 emitters and Newton’s method described by formula (5.24) was used for 100
iterations, with initialization C0 = 100 (100 photons for one emitter being considered as bigger
than the expected value). We can see that the algorithm converges in very few iterations (the ratio
|(Ak+1 −Ak)/Ak| is smaller than 10−10 after 20 iterations for the four initializations) and that the
energy is significantly reduced by this operation, leading to a faster convergence of the algorithm.
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Figure 5.9: Plot of a function F (A) = Ey(Ax) (the one corresponding to the Poisson case in
Figure 5.8, for 10000 emitters) for A ∈ [0 : 20]. The function is convex, the red dot represents the
minimal value and was correctly computed thanks to Newton’s method in less than 20 iterations
(Figure 5.8).
set of positions the emitter e can access from pe. Given u =
∑
λeδpe and u
′ =
∑
λ′eδp′e
the proposal distribution q is chosen as
q(u′|u) = 1
Ne
Ne∑
e=1
(∏
e 6=f
δλe(λ
′
e)δpe(p
′
e)
)
1
|V(pf )|1p
′
f∈V(pf )
1
2α
1| log(λf )−log(λ′f )|≤α,
meaning that two states of the chain only differ by one emitter, whose position or
intensity or both have been modified; once again the positivity is ensured, given a
positive initialization, thanks to the multiplication of the intensity by an exponential
value, eβ, β ∼ U([−α, α]). To respect the requirement on the proposal distribution
that the jump between two states should not be too big, we chose for V the 8 direct
neighbors as well as the current position, so that, since the positions are located on
pixels of the image,
1p′f∈V(pf ) = 1|p′f−pf |≤√2.
We set δx and δy the motion in each direction (−1 ≤ δx, δy ≤ 1 when we take the
8 neighbors); when the new x coordinate (respectively y coordinate) is outside the
support of the image, δx is replaced by −δx (respectively δy by −δy).
From the definition of the proposal distribution, it comes that γi+1/2 can be
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written as
γi+1/2 = γi − λeδpe + eβλeδpf , β ∼ U([−α, α]),
where emitter e was moved from pe to pf and whose intensity went from λe to e
βλe.
Using (5.22), we have that
Hγi+1/2 = Hγi − λeϕ(· − pe) + eβλeϕ(· − pf ), β ∼ U([−α, α]),
meaning that the computation of the convolved proposal, Hγi+1/2, can be obtained
by removing from the current convolved chain, Hγi, the kernel centered in pe and
weighted by λe and adding the kernel centered in pf and weighted by e
βλe. Between
Hγi+1/2 and Hγi, only the pixels belonging to the union of two domains, each one
of the size of the PSF support, Sϕ, are modified: the first one centered on pe, the
second one on pf . We denote S the union of these two domains.
The Poisson energy in the case of emitters is written as
Ey(γk) =
n∑
i=1
Ne∑
e=1
λeϕ(i− pe)− yi log
(
Ne∑
e=1
λeϕ(i− pe) + B
)
,
giving a difference of energy of
Ey(γk+1/2)− Ey(γk) = λe
(
eβ
∑
i∈S
ϕ(i− pf )−
∑
i∈S
ϕ(i− pe)
)
−
∑
i∈S
yi
log

∑
e′ 6=e
λe′ϕ(i− pe′) + eβλeϕ(i− pf ) + B
Ne∑
e′=1
λe′ϕ(i− pe′) + B

 . (5.25)
For a Gaussian noise distribution, we have
Ey(γk+1/2)− Ey(γk) =
∑
i∈S
(∑
e′ 6=e
λe′ϕ(i− pe′) + eβλeϕ(i− pf )− yi
)2
−
(
Ne∑
e′=1
λe′ϕ(i− pe′)− yi
)2 . (5.26)
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In the case of E-LSE, we define an iteration Ni as a set of Ne sub-iterations
(instead of n = |Ω| for the LSE), so that, in average, each emitter changes value
and/or position once. The algorithm for Ne sub-iterations is given by Algorithm 6;
the acceptance probability is the same as for the LSE.
Algorithm 6: Computation of one chain (Ni iterations of Ne sub-iterations) in
the case of deblurring y ∈ Rn; the energy term, Ey, should be computed using
Formula (5.25) or (5.26), depending on the nature of the noise model (Gaussian
or Poisson)
Inputs y˜ ∈ Rp, input data, y˜ ∈ Rp, normalized input data, Ne, number of
emitters, α, scaling parameter
Output Γ one chain used to approximate the E-LSE estimate
k ← 0
initialize γ0: draw (pe)e=1,··· ,Ne positions using y˜ as density probability
find the optimal constant A∗ and initialize each (λe)e=1,··· ,Ne with A
∗
repeat
draw e ∼ UJ1,NeK
draw β ∼ U[ − α; +α]
draw pf ∼ UV(pe), with V(pe) =
{
pf ∈ Ω, |pe − pf | ≤
√
2
}
γk+1/2 ← γk − λeδpe + eβλeδpf
p← min (exp (β − (Ey(γk+1/2)− Ey(γk))) , 1)
γk ←
{
γk+1/2 with probability p
γk with probability 1− p
k ← k + 1
until k = Ne ×Ni
Γ = 1
Ni−b+1
Ni∑
k=b+1
γk×Ne
return Γ
5.3.5 Parameters and results
As in the case of classical LSE estimate, we need to choose the number of chains
and iterations, as well as the burn-in parameter, so that the computation is fast and
the stationary state of the chains is approximately reached when starting averaging.
But we also have an additional parameter, which is the number of emitters, Ne.
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The parameterNe has to be chosen large enough so that it can represent the whole
signal in each chain but not too big, since it should be smaller than the number of
pixels of the image (otherwise the model of emitters is less meaningful). It is not
an easy parameter to calibrate, as shown in Figure 5.10, where the original image is
made of two Dirac distributions (with a constant background of 5 photons). Indeed
we could have hoped that only two emitters could be able to separate the Dirac
distributions (the peak intensity is 200 times bigger than the background); however,
numerous chains put one of their two emitters between the two Dirac distributions,
because this is where the signal is the best explained, getting intensity from both
Dirac distributions, when another emitter represents the background. Ten emitters
enable to describe better the signal.
Figure 5.10: Illustration of the complexity for the choice of the number of emitters on a one-
dimensional example. In blue the original signal is made of two Dirac distributions with very high
intensities compared to the rest of the signal; the separation between these distributions are not
visible anymore after convolution. With two emitters, we expect the emitters to choose the peaks
as positions; however a lot of chains stabilize in a state where one of the emitters is between the two
peaks, getting energy from both of them. With 10 emitters, the Dirac distributions are correctly
recovered but we also see small peaks in the constant background.
We have to keep in mind that in the case of the E-LSE estimate, each chain is
not made of the pixels of the image but of a set of positions and intensities. To
create the final image, we decide to apply a PSF, ϕr at each position returned by
the chain, that is xˆE−LSE is approximated using Nc chains, Γlk = ((p
l
e)k, (λ
l
e)k) (such
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that Γlk = γ
l
kNe
), by
1
Nc
Nc∑
l=1
1
Ni − b
Ni∑
k=b+1
Ne∑
e=1
(λle)kϕ
r(· − (ple)k). (5.27)
Of course, ϕr has to be chosen so that the blur it introduces is smaller than the
initial blur; in the case where ϕ, the convolution kernel, is a Gaussian kernel of stan-
dard deviation σ, ϕr can be chosen as a Gaussian kernel too with standard deviation
σ′ such that σ′ < σ. In Figure 5.11, we present the E-LSE estimate on simulated
curves, with a number of emitters higher than the number of non-zero coefficients
in the original image, using several σ′ as standard deviation of the PSF ϕr. We can
see that for any σ′ smaller than σ, the same artifact of non uniformity as in the LSE
can be seen; because of the convolution, it does not look like the night sky of the
MAP or LSE but this is the same phenomenon, the filaments are not continuous, as
the original ones, but they seem to be made of beads. We could think first that this
is due to a too low number of emitters, however as shown in Figure 5.12, increasing
this parameter does not impact that much the result (except when it is really too
small, 2000 emitters in the example).
The artifact can be explained by the fact that the positions of the emitters tend
to be the same on all the chains, as we can see on Figure 5.13 where the normalized
impact cards are drawn. They were obtained by incrementing the value of one pixel
by 1 each time the position of an emitter used to compute the estimate is on this
pixel. Clearly, two positions, next to each other on the filaments, are not equally
chosen by the algorithm, creating the night sky effect. On this figure, we can also
notice that the final chains are quite different, at least by their energies, as proven
by the histogram.
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(a) Ground truth (b) Input image (c) E − LSE(σ′ = σ)
(d) E − LSE(σ′ = 1
2
σ) (e) E − LSE(σ′ = 1
4
σ) (f) E − LSE(σ′ ≪ σ)
Figure 5.11: Representation of xˆE−LSE according to the standard deviation of the PSF, ϕr,
applied on the set of positions, obtained by MCMC algorithm. In (a), we see the ground truth
data and in (b) this image convolved and corrupted with Poisson noise. Algorithm 6 was used to
approximate xˆE−LSE , with a number of emitters greater than the real number of non null pixels
in the ground truth image (with Poisson noise, so that the black background remains black). We
show the convolution afterwards, using Formula (5.27), using 4 values of standard deviation; the
first in (b) equals the one of the convolution performed on the ground truth, the image is then a less
noisy version of the input data. Decreasing this standard deviation, we see the night sky artifact
appearing (d)-(e)-(f), creating filaments with non constant values. The night sky is less visible than
in the case of the MAP or the LSE due to the convolution, however the result is not satisfactory
either (crops are presented in Figure 5.12).
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Ground truth Input image 2000 emitters
5000 emitters 10000 emitters
Figure 5.12: Illustration of the E-LSE estimate according to the number of emitters. Results are
presented in the case of the Poisson noise model, but are equivalent for Gaussian noise. The image
contains around 10000 pixels, but only half of them has a really significant value. We can see that
whatever the number of emitters, the night sky is present. In the case of 2000 emitters there is
clearly a lack of emitters: filaments are very thin. In the other cases, results are quite equivalent.
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Figure 5.13: Averaged impacts maps for 5000 and 10000 emitters (left) and histogram of the
energy distribution for 10000 emitters (right). The impact cards were obtained by computing for
each pixel the average number of emitter at this position in the final chains. Comparing those two
for 5000 and 10000 emitters, we see that exactly the same areas are covered by the emitters; this
means that adding emitters did not help to model additional structures, emitters simply aggregate
on the filaments. The histogram shows the repartition of the energies at the end of the chains; even
if the range is quite tight, it may be noted that the night sky artifact is not specific to the minimum
of the energy only (that is the MAP estimate).
Like for the LSE estimate, we computed the weighted E-LSE, defined by the same
Formula as (5.20), except that the integration is computed on the set C defined by
(5.21). Results are presented in Figure 5.14, where we can see that λ = 0.01 totally
removes the artifact but the image still seems very blurry; the filaments are however
thiner than the original ones and the noise is less visible. For λ = 0.1, the result is
visually better than the E-LSE estimate, but some parts of the filaments still present
the artifact. It is very difficult to choose λ when the image is made of heterogeneous
structures, as shown on Figure 5.15, where some thin filaments surround a more dense
tissue: when the filaments have a better aspect (λ = 0.01, with 5000 emitters), the
tissue is still reconstructed as if it was non-continuous. Using 20000 emitters, we
loose the notion of sparsity induced by the use of C (Ne should be smaller than |Ω|)
but we see anyway that the results are not really better.
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Ground truth Input image E-LSE estimate
λ = 0.1 λ = 0.01 λ = 0.001
Figure 5.14: Results with the weighted energy in (5.20), integrating on the set C, with |C| = 5000.
It can be seen that the night sky artifact disappears when minimizing a weighted energy and
this method gives a very reasonable result on this example for λ = 0.1, with λ = 0.01, a full
disappearance of the artifact can be noticed, but the image still appears to be blurry (even if the
comparison with the input image shows some deconvolution on the filaments). This is getting worse
with the diminution of λ.
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Figure 5.15: E-LSE with weighted energy on a more complex image; the original image is an
image 100 × 100 pixels. We present the results with the original E-LSE estimate and with a
weighting of the energy. A real compromise between the correct reconstruction of the filaments,
with deconvolution compared to the original image, and the central tissue cannot really be found.
Using 20000 emitters, we cannot see really better result, and using twice more emitters than the
number of pixels, on an image with real black background (a threshold was performed and with
Poisson noise, the background remains black), is not really consistent with the definition of the
E-LSE, where the number of emitters is supposed to be smaller than the number of pixels.
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Since the 1980’s, super-resolution algorithms exist, inspired by deconvolution
methods. As mentioned, for the SIM Method, a simple Wiener filter is used, but
the problem could also be resolved using a Bayesian framework. This chapter begins
with a state of art concerning methods currently used in super-resolution. Even if, as
mentioned in Chapter 4, Richardson-Lucy algorithm is quite old (1972) and known
for its artifacts when pushing iterations, it has been used widely used in microscopy
with and without regularization; concerning these regularizations, they are also very
classical ones, Total Variation or Tikhonov. Most of the presented methods works
on the widefield or confocal images, that is a representation of the whole sample.
Our approach is slightly different because it models the scanning of the sample and
works with all the image created as described in Chapter 3, called as before the
micro-images.
Then, we present the Maximum A Posteriori implementation for the operator H
described in Chapter 3 composed of multiplication, sub-sampling and deconvolution.
As in the case of deconvolution only, in Chapter 4, a gradient descent method can
be used to approximate this estimate, using the adjoint of H. Two assumptions on
the super-resolved image are made: its positivity and its bandlimitedness. This sec-
ond condition ensures that not only the computed solution (that is at the chosen
resolution) is positive, but its Shannon interpolate also is. Both of these constraints
constitute convex sets of images, and hence so does their intersection. Nesterov
algorithm was implemented to compute the MAP estimate, with a dual Forward-
Backward scheme for the projection on the set of constraints. Artifacts can appear
on the reconstruction images, especially when iterating a lot, which can be indis-
pensable to gain resolution.
As we mentioned several times, microscopy images can be quite sparse images,
depending on the density of fluorophores (and the biological tissues they are fixed
on). For this type of images, we present the adaptation of the E-LSE for the oper-
ator H. The model for the super-resolved image is slightly different from the MAP:
we consider that the data to recover (the super-resolved image) can be written as a
weighted sum of Dirac distributions; we present how the E-LSE estimate can be ap-
proximated via MCMC taking advantage of this modeling. We present some results
where the E-LSE estimate is an artifact-free images, compared to the MAP estimate.
Most of the time, we present the conventional image as a comparison, as defined in
Chapter 2, by Formula (2.20); in the discrete case, it is obtained by summing all the
micro-images at the positions they were acquired on the camera.
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In this chapter, we consider that the PSF as well as the illumination patterns are
exactly known. This is a strong hypothesis, which requires a very good calibration
of the optical system beforehand. Concerning PSF estimation, the reader can refer
to [117] for estimation with real data or [112] for a precise theoretical model. Some
blind deconvolution methods have been developed in microscopy too, for instance [29]
(where a model is chosen for the PSF with unknown parameters that are estimated
at the same time as the reconstruction) or [18], adapted from [41] for microscopy,
where Richardson-Lucy algorithm is used on both sample and PSF to estimate those
two simultaneously.
In the following, u is the super-resolved image, and we have u ∈ RΩ, where
as before, RΩ represents the functions from Ω to R, with Ω = {0, . . . , Nx − 1} ×
{0, . . . , Ny − 1}, |Ω| = Nx · Ny = N , so that we might also write u ∈ RN . Except
in the first section or if stated otherwise, the notation (x, y) will be used for the
coordinates of a pixel in u. The input data v is of size nx × ny × S, where S is the
total number of laser positions; we denote Ωc = {0, . . . , nx − 1} × {0, . . . , ny − 1},
with |Ωc| = nx · ny = n. We may also refer to the kth micro-image of the input
data using the notation vk with vk ∈ Ωc. H is the operator computing from the
super-resolved image u the micro-images, thus H ∈ M|Ωc|×S,|Ω|. When using the
notation with matrix, we consider u and v as vectors, obtained concatenating their
transposed rows.
6.1 Super-Resolution in microscopy
First to introduce deconvolution in microscopy, Agard [5][4] proposed optical sec-
tioning (which consists in removing signal coming from other z-plans especially one
above and one below, estimated thanks to acquisitions on those plans too), associ-
ated with an iterative method ensuring that the proposed image at each iteration
convolved with the PSF of the device gets closer to the input data.
As mentioned in the introduction, the best way to describe the noise in the case
of low level of photons is clearly Poisson noise [7][6]; however a large literature about
deconvolution in the case of Gaussian noise existed before super-resolution. Since for
a photon number, λ, higher than 15, the approximation P(λ) ∼ N (λ, λ) is considered
satisfactory, some algorithms were developed modeling noise with Gaussian approxi-
mation, and in particular using Tikhonov regularization. We briefly present some of
these algorithms and a generalized version of Richardson-Lucy algorithm, specific to
Poisson noise as said in Chapter 4, that can be applied to the ISM inverse problem.
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6.1.1 Gaussian approximation with Tikhonov regularization
Tikhonov regularization (seen in deconvolution in [115] and used in microscopy
in [13] for instance, on confocal images) has been used in microscopy, leading to the
minimization problem
argmin
u∈Rp
‖Au− v‖2 + λ‖Cu‖2, (6.1)
λ being the regularization parameter, C the regularization matrix and the first term
corresponds, as seen in Chapter 4, to the energy associated to a Gaussian noise. The
analytical solution of this problem is explicit,
(AtA+ λCtC)−1Atv,
but does not take advantage of the positivity assumption. Two well known meth-
ods have been developed minimizing (6.1) with the positivity constraint, namely the
Iterative Constraint Tikhonov-Miller (ICTM) algorithm [117] and the Carrigton al-
gorithm [23]. They differ by the way they compute the minimum: for the first one,
a projection on the set of positive results is performed at each iteration, whereas
for the second one, the positivity constraint is directly integrated in the function
to minimize; both create super-resolved images whose frequency components have
energy outside of B(0, fmax).
6.1.2 Richardson-Lucy algorithm in microscopy
The idea of using Richardson-Lucy algorithm for optical imaging was first pro-
posed by Holmes in [58]. However, as presented in Chapter 4, this algorithm is known
to amplify noise when increasing the number of iterations, which is the reason why
it is either stopped after very few iterations, or used with a regularization term.
In [32], the well known Total Variation, TV, is proposed as a regularization, using
Richardson-Lucy too, on confocal images. Results on both simulated and real data
(corrupted by Poisson noise), comparing classical Richardson-Lucy algorithm with
the TV regularization, show sharper edges with the regularization and intensity less
oscillating inside dense and homogeneous areas. However, as pointed in the article
and as we mentioned before, one drawback of the total variation is the staircasing
effect. In [65], Richardson-Lucy algorithm is generalized for any operatorH, and then
could be used on the ISM one, where, given an initialization for the super-resolved
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image, u0, the sequence
uk+1 = uk
H t v
Huk+B
H t1Rn×S
, (6.2)
where the divisions are element-wise, is supposed to converge towards the minimizer
of argminE(u), where u is the super-resolved image, v the set of input (sub-resolved)
images.
Remark 25. We can notice that Formula (6.2) is equivalent to (4.13) in the case
of deconvolution, since we defined that the kernel was normalized; in that case
H t1Rn×S = 1Rn×S
giving the result since the division is element-wise.
This algorithm was used in microscopy in 2015 in [113], on an ISM technique.
Once again, if the operator H is positive, positivity will be preserved given a positive
initialization. Next section focuses on the transposition of the operator as described
in Chapter 3. The sequence (6.2) can therefore be implemented and at the end of
this chapter, this estimate is compared to the MAP and E-LSE ones.
6.2 Maximum A Posteriori estimate
6.2.1 Problem formulation for Image Scanning Microscopy
The energy in the case of data corrupted by Poisson noise for an ISM operator is
written as
argmin
u∈RΩ
∑
i∈(Ωc)S
(Hu)i − vi log((Hu)i +B). (6.3)
This energy is minimized with two priors on the result image u,
— u is positive, that is u ∈ C1 with C1 =
{
u ∈ RΩ+
}
, a convex set,
— u is band-limited, that is u ∈ C2 with C2 =
{
u ∈ RΩ |supp(uˆ) ⊂ B(0, R)},
C2, a convex set too; this condition can also be written as uˆ ∈ C ′2, with
C ′2 =
{
v ∈ RΩ |supp(v) ⊂ B(0, R)}.
We define K = C1 ∩ C2, convex set as well.
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For any set A, its characteristic function iA is defined as
iA(x) =
{
0 if x ∈ A
+∞ else ,
the two priors lead to the following minimization
argmin
u∈RΩ
∑
i∈(Ωc)S
(Hu)i − vi log((Hu)i +B) + iK(x). (6.4)
Nesterov algorithm was used to approximate the MAP estimate as described in
Algorithm 7, where ΠK denotes the projection on the convex set K, ε the precision to
reach and Niter a maximum number of iterations. Since Nesterov algorithm performs
better when the input data u0 is close to the solution, a classical projected Gradient
descent (with fixed step and check on the decreasing of the energy to validate this
step) is computed beforehand for a few iterations and the result is used to initialize
Nesterov algorithm.
Algorithm 7: Maximum a posteriori estimate computation for a system of
Image Scanning Microscopy
Inputs u0 ∈ RΩ, first estimate, Niter, maximum number of iterations, λ, descent
step, ε, tolerance
Output u, MAP estimate
k ← 0
u← u0
g0 ← 0
repeat
y ← ΠK (u− λ∇E(u))
g ← g + k+1
2
∇E(u)
z ← ΠK (u0 − λg)
uold ← u
u← k+1
k+3
y + 2
k+3
z
k ← k + 1
until k < Niter and ‖u− uold‖/‖uold‖ > ε
return u
Remark 26. The initialization for the gradient descent is most of the time taken as
the null image, so that during the first step of the gradient descent, a scaling step is
performed, where the data and the reconstruction are multiplied by a constant λ which
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equals the ratio between the sum of all the input images (
∑
i,s v
s
i ) and the sum of all
the simulated micro-images, created from the first iteration of the gradient descent.
This λ is also used in the following of the algorithm as the descent step.
Remark 27. Most of the time, the value of R (in C2) is chosen as a multiple of
Abbe’s limit, that is
R = n× 4πNA
λ
, n ∈ N∗. (6.5)
According to Formula (2.19), proving that a factor of resolution 2 can be reached for
an ISM method, we can take n = 2. In case of sparsity of the solution, n can be
greater than 2.
To be able to implement Algorithm 7, one should be able to implement the com-
putation of both the projection on K and the gradient of the energy, ∇E(uk), at
each iteration.
The projection on K is performed using a Dual Backward scheme, as explained in
[28]; several other methods presented in this article were implemented, including the
“natural” iterated alternate projection algorithm. This method also called POCS
(Projections Onto Convex Sets, see [38] for instance) is easy to implement, with the
following scheme,
∀k ∈ N, uk+1 = ΠC1(ΠC2(uk)), u0 ∈ RΩ,
and quite fast. However as explained in [9], this algorithm converges to an element
of K but does not guarantee that this element is the orthogonal projection of uk on
K. The Dual Backward scheme seems to be a good compromise between time con-
sumption and precision of the result (the sequence converges faster on our problem
than other methods presented in [28] and requires less parameters).
To compute the gradient ∇E, which is defined by (4.11), we explicit the compu-
tation of the adjoint of H. Of course, the image H t1Rn×S is computed only once, at
the beginning of the algorithm. As described in Chapter 3, H can be decomposed in
very simple operations, each one can be transposed, creating at the end the adjoint
operator.
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6.2.2 Practical computation of the estimator
Transposition of the operator H in the ISM model
We recall (Chapter 3) that the operator of the ISM model can be written as
∀z ∈ R2, Iu(z,Xs) = ((u(·)×Ds(· −Xs)) ∗ ϕ(·)) (z),
where u is the super-resolved image we want to recover, Ds the illumination pattern,
projected at laser impact Xs, for the s
th image and ϕ the PSF of the system. This
operation can be written under matrix form as seen in Chapter 3. One micro-image,
corresponding to illumination index s, noted Isu, can be obtained from the sampled
image u ∈ RΩ, decomposing each step, as
Isu = LM
sCu, (6.6)
where (unless stated otherwise, the notations for sizes are the ones that were used
in Chapter 3 for the precise description of the simulation of H):
— C ∈MNx×Ny ,Np×Np is the crop operator,
— M s ∈ MNp×Np,Np×Np is the diagonal operator computing the multiplication
with the (translated/zoomed) illumination pattern,
— L ∈MNp×Np,nx×ny is the down-sampling and convolution operator, which are
performed in the Fourier domain.
We note m = (Isu)s∈{1,...,S}, m ∈ Rnx×ny×S the vector concatenating all the micro-
images.
The energy using the notation (6.6) is given by
E(u) =
nx×ny×S∑
i=1
mi − vi log(mi +B).
To explicit H∗, H∗ : RΩ
c×S −→ RΩ, we can first compute the adjoint of the
operator that enables to create Isu. By using property of the adjoint operator, it is
given by C∗M s∗L∗; we note mus the image in Ω created by m
u
s = C
∗M s∗L∗Isu. Then,
according to the structure of the matrix H∗,
H∗m =
S∑
s=1
mus .
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Crop We recall that the top left corner for the crop of u for the micro-image of
index s is noted (csx, c
s
y). The matrix C extracts the values of u in the rectangle of
top-left corner (csx, c
s
y) and bottom-right corner (c
s
x +Np, c
s
y +Np).
Supposing that we create a one-dimensional vector u by concatenating its trans-
posed rows, we can explicit C. Defining (ic, jc) the indexes of the crop image
(ic ∈ {0, . . . , Np − 1}, jc ∈ {0, . . . , Np − 1}) (so that any column index of C, be-
tween 1 and Np ·Np, can be written as 1 + ic +Np × jc), the matrix C = (CIJ) with
I ∈ J1, Nx ·NyK, J ∈ J1, Np ·NpK, is defined by
CIJ =
{
1 if J = 1 + ic +Np × jc and I = 1 + (csx + ic) + (csy + jc)Nx
0 else
,
so that each row of C contains only one non-null value, 1, at the position of the pixel
to keep.
The transpose of this matrix Ct(= C∗), defined by inversing the roles of columns
and rows, replaces a matrix of size Np × Np at the position of the initial crop, that
is from (csx, c
s
y) to (c
s
x +Np, c
s
y +Np).
Multiplication Since M s is a diagonal matrix, composed of real values, the oper-
ator and its transpose are identical; we have, ∀s ∈ {1, . . . , S}, M s∗ = M s.
Convolution and sub-sampling As mentioned in Chapter 3, the computation
of uˆ, the DFT of u ∈ RΩ, can be written in matrix form (see (3.5)). Since we
are dealing with two-dimensional signals, the matrix is not as simple as the one in
(3.5), but we can still write uˆ = Fu, where F has to take into account the two
dimensions. We note F−1 the matrix representing the inverse transform, and we
recall that F−1 = 1/|Ω|F ∗. In the following, we will use the notation FNp×Np to de-
scribe the DFT operator on the set of images of size Np×Np and Fnx×ny on the set Ωc.
The operator L describes the convolution as well as the down-sampling, performed
by frequency cut; we can write
L = F−1Ωc C
′PFNp×Np ,
P ∈MNp×Np,Np×Np is the multiplication with the DFT of the PSF (whose spectrum
has been extended by 0 to reach size Np × Np) and C ′ ∈ MNp×Np,nx×ny is the fre-
quency cut at the resolution (and size) of Ωc. C ′ is similar to the crop matrix C
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presented before; we can conclude that the transposition of C ′, C ′∗ ∈Mnx×ny ,Np×Np ,
is simply the extension of the discrete Fourier spectrum by zeros.
The matrix P is diagonal since it represents the multiplication; it contains the
coefficients of the discrete Fourier transform (that is potentially complex numbers),
so that P ∗ = PH.
We finally have LT ∈Mnx×ny ,Np×Np defined by
LT = F ∗Np×NpP
HC ′∗(F−1Ωc )
∗ =
Np ·Np
|Ωc| F
−1
Np×NpP
HC ′∗FΩc ,
meaning that the operator LT, applied to an image of size nx×ny computes its DFT,
extends its spectrum with zeros to reach size Np ×Np, multiply by the conjugate of
the DFT of the PSF and apply the inverse DFT.
Computation of the gradient thanks to H∗
An adaptation of the formula of Chapter 4 in the case of Poisson Noise gives that
the gradient of the energy equals, using element-wise division,
∇E(u) = H t1Rn×S − H
tv
Hu+B
, (6.7)
Algorithm 8 summaries every step of the computation of the transposed op-
erator. At each iteration, supposing that the transposed operator applied to the
micro-images made of ones (first term of (6.7)) is precomputed in the memory, the
computation of the negative gradient (6.7) is performed subtracting this result to
the result of the function of Algorithm 8 whose input is the quotient (element-wise
division) of the input data and the micro-images generated during the current iter-
ation of the algorithm.
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Algorithm 8: Function computing the transposed operator, H∗
Inputs w˜ ∈ RΩc×S
Output tr im ∈ RΩ equals to H∗v˜
for s ∈ {1, ..., S} do
fft im ← C ′∗FΩcw˜ ◮ Zero-padding to reach size Np
fft im ← PHfft im ◮ Element-wise multiplication
im ← NpNp
nxny
F−1Np×Npfft im ◮ Image in the space domain
im ← im ×Ds ◮ Element-wise multiplication
tr im((csx, c
s
y)→(csx +Np, csy +Np)) ← tr im((csx, csy)→(csx +Np, csy +Np)) + im
◮ Add of the image at its correct location on the transpose image
end for
return tr im
Computation of the projection
Based on [28], we chose the Dual forward-backward splitting method, that pro-
poses to compute, given a proposal r ∈ RΩ and a matrix L such that L× LH = I,
argmin
u∈RΩ
h(u) + g(Lu) +
1
2
‖u− r‖2. (6.8)
The proposed algorithm requires a computation of the proximal operators on
both h and γg. We briefly remind the definition of this operator; for a proper convex
function f , f : RΩ 7−→ R, it is defined as
∀r ∈ RΩ, proxf (r) = argmin
u∈RΩ
f(u) +
1
2
‖u− r‖2 ,
but we mostly used the summary table at the end of [28] for the computation, and
in particular the fact that the proximal operator of a characteristic function on a set
A equals to the projection on this set A. Algorithm 9 presents the Dual forward-
backward splitting for a minimization problem as in (6.8).
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Algorithm 9: Resolution of the problem (6.8) using dual forward-backward
splitting algorithm
Inputs r ∈ RΩ, image to be projected, Nproj, maximum number of iterations,
κ ∈]0,min(1, 1/‖L‖2)], ε, tolerance
Output y, estimate of the solution of (6.8)
k ← 0
y ← r
repeat
z ← proxh
(
r − LHy)
γ ∈ [κ, 2/‖L‖2 − κ]
λ ∈ [κ, 1]
yold ← y
y ← y + λ(proxγg∗(y + λLx)− y)
k ← k + 1
until k < Nproj and ‖y − yold‖/‖yold‖ > ǫ
return y
Using this algorithm to solve (6.4), the functions and matrix in (6.8) can be
chosen as follows:
— r is the proposal from Nesterov algorithm (which can be neither positive nor
band-limited),
— h ensures positivity of the solution that is h = iC1 ,
— L is the discrete operator of the Fourier Transform divided by
√|Ω|, to ensure
LLH = I (meaning that LH is the discrete operator of the Inverse Fourier
Transform, also divided by
√|Ω|),
L =
1√|Ω|F, LH = 1√|Ω|F ∗,
— g ensures that the solution is band-limited that is g = iC′2 .
Using the DFT matrix for L really eases the choice of the constants in the Al-
gorithm (9); indeed, the spectral norm of the DFT matrix is equal to
√|Ω|, so that
‖L‖2 = 1. Therefore, we choose λ = γ = 1 for each iteration.
For h, the proximal operator only consists on the projection on C1 (true for any
characteristic function as mentioned before). This means that, practically, proxh
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consists in keeping the positive values of u and set to zero the negative ones. Identi-
cally, the proximal operator of g consists in a projection on the set of band limited
images. This is done practically by multiplying by 0 all off-band coefficients of the
Discrete Fourier Transform of the image.
The Dual forward-backward splitting adapted to (6.4) is then described in Algo-
rithm 10.
Algorithm 10: Projection onto K
Inputs r ∈ RΩ, image to be projected onto K, Nproj, maximum number of
iterations, ε, tolerance
Output y, projection of r onto K
k ← 0
y ← r
repeat
z ← ΠC1
(
r − LHy)
yold ← y
y ← ΠC′2 (y + Lz)
k ← k + 1
until k < Nproj and ‖y − yold‖/‖yold‖ > ǫ
return y
It has be proven in [27] that, if the set K is not empty, any sequence generated
by Algorithm 10 converges to the solution of (6.8).
In Figure 6.1 is shown the comparison between the spectra computed by Nes-
terov algorithm before and after projection. The image generated by Algorithm 10
is positive and band-limited; we can see that the Discrete Fourier coefficients are
quite similar for the low frequencies before and after projection, but that the higher
coefficients have been smoothed.
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Before projection Projection on C1 Projection on K
Figure 6.1: Illustration of the projection on the modulus of the Fourier transforms (logarith-
mic scale); on the left, the image to be projected (obtained by Nesterov or Gradient descent
algorithm), it is almost band-limited however its values in the space domain are in the interval
[−0.5522, 86.4379]. A projection on the set of positive images, C1, represented by the image in the
middle, creates energy in the high frequency coefficients of the DFT (this energy is however lower
than the one of the low frequencies). The application of Algorithm 10 enabled to create a positive
and band-limited image, as it can be seen on the image on the right, whose values are in the interval
[0, 86.4371].
6.2.3 Some results
Before presenting some results, we recall that the illuminations projected on the
sample in the case of simulated or real data are the half-moons presented in Chapter
3, made of two lobes and whose Fourier transform presents frequency coefficients
with higher energy for the frequencies close to fmax.
This Algorithm was successfully used for biological purposes, we can refer to [43]
(study of neurotransmitters), [93] (study of the movement of viruses within infected
cells) or [91] (study of the mitochondrial fission in mammalian cells). In [22], a com-
parison between the SIM and BioAxial system (that is an ISM method projecting
the half-moons as illumination patterns and computing the MAP estimate) clearly
shows a better separation on micro-tubules using the second technique.
Here we present two examples, one on simulated data and one on real data
— in Figure 6.2, simulations were made on an image of neurons, the gain of res-
olution is undeniable; however, not all the separations visible on the ground
truth are visible on the MAP estimate, and intensity variations are less rep-
resented (some structures are really more bright in the ground truth image
and this is less visible in the MAP),
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(a) Conventional image (b) MAP Estimate (c) Ground truth
Figure 6.2: Illustration of the Maximum A Posteriori reconstruction algorithm on simulated data
for a super-resolution ISM system. On the first row, results in the space domain, on the second
in the Fourier domain (logarithmic scale). From left to right: (a) conventional image zoomed by
zero padding in Fourier domain (energy ∼ −4.2451310 × 107), (b) result of Nesterov algorithm
for 200 iterations (energy ∼ −4.4015619 × 107), (c) ground truth at the resolution of the MAP.
The comparison between the three results (in both spaces) clearly shows that the MAP estimate
provides more information than the conventional image. We can notice that the intensity ratios are
not perfectly well represented by the algorithm.
Image of motor neurons from cellimagelibrary.org by Gist Croft & Mackenzie Weygandt for 2009
Olympus BioScapes Digital Imaging Competition is licensed under CC BY-NC-ND 3.0
— in Figure 6.3 and 6.4 (real data), the MAP estimate reveals, over the iterations,
the structure of a chromatid, made of wound strands of DNA. This gain of
resolution is of course also visible on the Fourier Transform of the images,
as shown in Figure 6.5. The cross-section really shows the evolution of the
separation according to iterations.
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(a) Zoomed Conventional (b) Input image for (c) Image after 100
image Nesterov algorithm iterations
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(d) Image after (e) Evolution of the energy with respect
473 iterations to the number of iterations
Figure 6.3: Illustration of the Maximum A Posteriori reconstruction algorithm on real data.
From top to bottom, left to right: (a) conventional image, (b) input image for Nesterov algorithm
(obtained after 27 iterations performed with a classical gradient descent), (c) result of Nesterov
algorithm for 100 iterations, (d) result of Nesterov algorithm for 473 iterations, (e) evolution of the
energy during the iterations (the red markers denote the iterations chosen for this figure). With
no doubt, the separation between the stands of DNA composing the chromatid becomes more and
more visible when increasing the number of iterations. A cross-section line confirming this can be
seen in Figure 6.4.
Courtesy of J. Matthew Kofron, Cincinati Children’s, USA
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Conventional image 1st iteration 100th iteration 473th iteration
Figure 6.4: Zoom on the images of Figure 6.3 with the red cross section plotted below. With no
doubt, the iterations of the algorithm improve the separation between the two strands; it starts
being visible when the number of iterations reaches 100 but more iterations are required to really
obtain a clear separation.
Spectrum conventional image Spectrum MAP estimate
Figure 6.5: Representation in logarithmic scale of the module of the Discrete Fourier Transforms
of the conventional image (whose resolution is twice the one of the MAP reconstruction) and the
MAP estimate at 473 iterations. We notice that the low frequency coefficients are quite similar
between the two images; the final image has non-zero coefficients beyond the disk whose radius is
the cut-off frequency, which explains the better resolution.
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6.3 E-LSE Estimate
6.3.1 Application to Image Scanning Microscopy model
The idea of modeling the image as a set of emitters has been proposed in [63]
(for single-molecule microscopy) or [31] (for widefield imaging) for instance, but to
our knowledge not in a super resolution application for a scanning system.
Let us recall the definition of uˆE−LSE,
uˆE−LSE =
∫
C
e−Ev(u)udu∫
C
e−Ev(u)du
, with C =
{
u ∈ RΩ
∣∣∣∣∣u =
Ne∑
e=1
λeδpe , λe ∈ R+, pe ∈ Ω
}
.
In the case of super-resolution reconstruction, we consider that the super-resolved
image u is a sum of weighted Dirac functions. Concerning the intensities of the emit-
ters, as before, they are supposed to be positive and the positions are supposed to
belong to the set of pixels of the reconstruction, Ω (also called the grid of reconstruc-
tion). This grid is supposed to be f times thiner than the camera grid, on which the
input data v were acquired.
The definition of the ISM model (3.17), ∀z ∈ R2, ∀s ∈ {1, ..., S},
I˜u(z,Xs) = ((u(·)×Ds(· −Xs)) ∗ ϕ˜(·)) (z),
where S is the number of laser positions and (Xs)s=1,...,S the positions of the laser
impacts can be computed in the case u ∈ C. We denote I˜su(z) = I˜u(z,Xs) that
corresponds to the micro-images predicted, also called the model in the following.
We have with u =
∑
e λeδpe ,
I˜su(z) =
∫
R2
Ne∑
e=1
λeδpe(Z)D
s(Z −Xs)ϕ˜(z − Z)dZ
I˜su(z) =
Ne∑
e=1
λeD
s(pe −Xs)ϕ˜(z − pe),
whose exact discretization for a factor of resolution f , using the PSF ϕ discretized
at the resolution of the camera, by
∀p ∈ Z2, Isu(p) = I˜su (pf) =
Ne∑
e=1
λeD
s (pe −Xs)ϕ
(
p− pe
f
)
. (6.9)
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In the case of the E-LSE, the computation of the micro-images is not performed
as presented in Chapter 3, but using Formula (6.9); this means that for each emitter
composing u, its influence is added to the pixels of the micro-images, multiplying
the intensity of this emitter with the distribution value at the position of the emitter
and convolving with the PSF centered on the emitter position.
We remind that we denote Ωc = {0, . . . , nx − 1} × {0, . . . , ny − 1}. The energy
associated to the problem can then be written as
Ev(u) =
S∑
s=1
∑
i∈Ωc
(
Ne∑
e=1
λeD
s (pe −Xs)ϕ
(
i− pe
f
)
−vsi log
(
Ne∑
e=1
λeD
s (pe −Xs)ϕ
(
i− pe
f
)
+B
))
, (6.10)
with B the constant background value, as defined for the E-LSE in deconvolution.
6.3.2 Metropolis Hastings adaptation
As described in Chapter 5, the incremental function is
q(u′|u) = 1
Ne
Ne∑
e=1
(∏
e 6=f
δλe(λ
′
e)δpe(p
′
e)
)
1
|V(pf )|1p
′
f∈V(pf )
1
2α
1| log(λf )−log(λ′f )|≤α, (6.11)
that is, as before, at each iteration, only one emitter, f , is changed: its intensity,
its position or both. The proposed position is chosen in the neighborhood of the
current emitter, noted V(pf ). The proposed intensity, as before, obtained by the
multiplication with a positive value (using the exponential to provide at each step
a positive value, given a positive initialization). In the following, and as in Chapter
5, the chosen neighborhood consists in the 8 direct neighbors (in the super-resolved
image) and the current position.
We recall that the state i+ 1/2 of the chain can then be written as
γi+1/2 = γi − λeδpe + eβλeδpf , β ∼ U([−α, α]), (6.12)
and that the acceptance probability p is given by
p =
π
(
γi+1/2
)
π (γi)
q
(
γi|γi+1/2
)
q
(
γi+1/2|γi
) = e−Ev(γi+1/2)
e−Ev(γi)
λ′e
λe
= e−(Ev(γi+1/2)−Ev(γi))eβ. (6.13)
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In the case of deconvolution, the initialization of the emitter positions was done
using the input data as distribution of probability; in the case of super-resolution,
we have chosen to use the (normalized) conventional image as distribution of prob-
ability. This conventional image is first zoomed by zero-padding (and projected on
the set of positive functions if the zero-padding creates negative values) at the final
resolution chosen for the super-resolved image, so that the produced positions are
directly on the correct grid, Ω.
Most of the time, in the following, we do not refer to a number of emitters for
the super-resolved image, but to a density of emitters, density that is user-defined,
and can be estimated by looking at the conventional image. A density of 1 means
that, on the conventional image, we consider that, in average, one emitter per pixel
is needed to be able to represent correctly the signal.
Concerning the sizes, the zoomed micro-images are of size fnx × fny (in red
in Figure 6.6). We recall that one pixel value of the predicted micro-images Isu is
computed with all the pixel values of the super-resolved image u within a disk of
radius Rϕ centered on this pixel, where Rϕ is the upper integer value of the radius
of the zoomed PSF.
Figure 6.6: On the left, we can see a representation of the reconstruction with the laser positions
represented as green crosses. Given an emitter located on a pixel (red square on the figure), the
pixels influenced by a change on this emitter are located within the (zoomed) PSF, supposed to
be spatially limited and represented in yellow. The micro-images to be computed again are the
ones containing at least one pixel within the yellow disk. They correspond to the laser positions
in bold. On the right is represented, in red, a zoomed micro-image. The illumination pattern (a
half moon), in yellow, is centered on the laser position represented by a green cross. In blue is
displayed the square of pixels impacting the micro-image; indeed, due to the convolution with the
PSF (yellow disk on the top left corner of the blue square) any pixel located at less than one radius
of the zoomed PSF will impact the pixels of the micro-image.
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As shown in Figure 6.6, the pixels of the reconstruction influencing the pixels of
one micro-image model are the ones located at less than Rϕ, the radius of the PSF, of
any pixel of this micro-image. The area of influence of the zoomed micro-image s is
then delimited by the top-left corner (csx−Rϕ, csy −Rϕ) and the bottom-right corner
(csx+fnx+Rϕ, c
s
y+fny+Rϕ). To make computations easier, the size of the zoomed
illumination patterns is the size of this area of influence. The initial laser impact
position Xs in the zoomed micro-image becomes Xs + Rϕ in this referential. The
computation of the zoomed illumination pattern at the correct position is performed
thanks to the formula from Chapter 3,
∀k ∈ Z2, Ds(k) = d˜s
(
k − τs
f
)
, (6.14)
where d˜s is the calibrated illumination pattern at resolution rd, whose impact is lo-
cated on pixel (Xd, Yd) and τs = (Xs + Rϕ) × rd/f − Xd is the translation (at the
resolution of the calibrated illumination pattern) performed so that the zoomed il-
lumination pattern is located at the correct laser impact position. Both zoom and
translation are performed using Fourier transforms, as explained in Chapter 3.
As presented in the case of deconvolution, the change of one emitter does not
require to recompute all the model (that is the predicted micro-images), but only a
part of them. However this is not as simple as the deconvolution case since we treat
several (micro-)images, at a resolution different from the reconstruction’s one. As
shown in Figure 6.6 and explained in Chapter 5, the range of action of one emitter
is determined by the size of the PSF, centered on this pixel. Using, as before, the
notation (csx, c
s
y) for the top left corner of the zoomed micro-image and Rϕ the integer
radius of the zoomed PSF, the set of indices of the images impacted by a change of
emitter e is given by
Ipe =
{
t ∈ {1, ..., S} ∣∣∃(x, y) ∈ Jctx, ctx + fnxK× Jcty, cty + fnyK ,
|pe − (x, y)| ≤ Rϕ} ,
that is any micro-image whose zoomed version contains at least one pixel in the disk
of center pe and radius Rϕ. For two positions p1 and p2, we define the set of indexes
of micro-images to recompute in the case of a movement of the emitter from p1 to
p2 by
µI(p1, p2) = Ip1 ∪ Ip2 .
Concerning the computation of the ratio of the probabilities, as shown in Formula
(6.13), we just need the difference between the energy associated to the current
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chain and the energy associated to the proposed chain, created by the change of one
emitter. The energy expression, given by (6.10), shows that only the micro-images
that are modified need to be taken into account; the contribution of the other images
is identical in both cases so that their values do not impact the computation of
the energy differences. In the end, for an emitter migrating from p1 to p2, (6.10)
needs to be computed only for s ∈ µI(p1, p2). Thus, we define a partial energy
Epv(x, µI(p1, p2)) which computes the energy on theses indices. For an emitter moving
from pe to pf , Formula (6.13) becomes
p = exp
(− (Ev(γi+1/2)− Ev(γi))) eβ
p = exp
(−(Epv(γi+1/2, µI(pe, pf ))− Epv(γi, µI(pe, pf ))) eβ
6.3.3 Practical computation of the estimate
Definition of Ω
We recall that we set (csx, c
s
y), where s ∈ {1, . . . , S} represents the number of the
micro-image, as the top left corner of the zoomed micro-image. Each input micro-
image is of size n × n. Since this image is a zoom of a micro-image recorded on
the camera, csx/f and c
s
y/f are integer values. The coordinates of the zoomed region
of interest are obtained by searching for the maximum and minimum values of the
region of interest on the camera and multiply them by the factor of zoom used f . This
define where the measurement was recorded on the camera; however for computing
the whole reconstruction, we need to extend this region of measurement of half a
Airy radius on each border (and in each direction), because of the convolution with
the PSF; we therefore set
mx = f · min
s∈{1,...,S}
(
csx
f
)
−
⌈
ra
2frc
⌉
, my = f · min
s∈{1,...,S}
(
csy
f
+ n
)
−
⌈
ra
2frc
⌉
Mx = f · max
s∈{1,...,S}
(
csx
f
+ n
)
+
⌈
ra
2frc
⌉
, My = f · max
s∈{1,...,S}
(
csy
f
+ n
)
+
⌈
ra
2frc
⌉
,
where ra/2frc represents the rounded up integer value of half the Airy radius (ra is
its value in nm, rc the pixel size of the camera, and therefore frc the pixel size of
the reconstruction). The emitters can then take their positions in {mx, . . . ,Mx} ×
{my, . . . ,My}. The sizes of Ω, (Nx, Ny), are then given by Nx = Mx −mx + 1 and
Ny = My −my + 1. We recall that we set |Ω| = N = Nx ×Ny.
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Computation of one iteration
We present in Algorithm 11 the computation of one iteration of the Metropolis-
Hastings algorithm adapted to the E-LSE estimate; as in the previous chapter, one
iteration consists in a number of proposals corresponding to the number of emitters.
Algorithm 11: Computation of one chain for the E-LSE estimate in the case
of an ISM system
Inputs y ∈ RΩc , input data, Ne, number of emitters, α, scaling parameter, Ni
number of iterations
Output Γ one chain used to approximate the E-LSE estimate
initialize γ0 = (λ
0
e, p
0
e)e∈J1,NeK, that is draw the Ne emitter positions and
intensities using a probability density function built from the normalized zoomed
conventional image
for i ∈ {0, . . . , Ni × (Ne − 1} do
draw e ∼ UJ1,NeK
draw β ∼ U[−α;+α]
draw pf ∼ UV(pe), with V(pe) =
{
pf ∈ Ω, |pe − pf | ≤
√
2
}
γi+1/2 ← γi − λieδpie + eβλieδpf
E1 ← Epv(γi, µI(pie, pf )) ◮ partial energy for γi
for s ∈ µI(pie, pf ) do
compute Isγi+1/2 , the micro-image built in γi+1/2 for laser position s
end for
E2 ← Epv(γi+1/2, µI(pie, pf )) ◮ partial energy for γi+1/2.
p← e−(E2−E1)eβ
γi+1 ←
{
γi+1/2 with probability p
γi with probability 1− p
end for
Γ = 1
Ni−b
∑Ni
k=b+1 λ
kNe
e δpkNee
Computation of the micro-images
Using the linearity of H and the definition of γi+1/2 (Formula (6.12)), we obtain
Hγi+1/2 = Hγi −Hλieδpie +Heβλieδpf ,
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meaning that we only need to compute the action of the operator H on weighted
Dirac distributions. Computing Formula (6.9) with u = λeδpe , we have
∀p ∈ Z2, Iu(p,Xs) = λeDk(pe −Xs)ϕ
(
p− pe
f
)
. (6.15)
Since the grid of reconstruction is f times thiner than the grid of the camera,
one pixel on the camera represents f × f pixels on the reconstruction grid. The
PSF is given at the resolution of the camera. Given one emitter, localized on this
reconstruction grid, its position in a (un-zoomed) micro-image can be written as
(i, j) + (k, l)× 1/f , with (i, j) and (k, l) integer values and (k, l) ∈ J0, f − 1K2. This
means that the PSF applied to this point needs to be shifted to correspond to this
position (last term of Formula (6.15)). Since the chosen zoom factor f is rarely
greater than 4, we decided to store the f × f translated PSF (f in each direction,
translated of a factor (k/f, l/f), (k, l) ∈ J0, f − 1K2); the choice of the translated
PSFs is done for each emitter, according to its position within the non-zoomed pixel.
An example with f = 2, where an un-zoomed pixel represents 4 zoomed pixels and
then 4 PSFs are possible, is shown in Figure 6.7.
Figure 6.7: Illustration of the choice of the PSF according to the pixel on the zoomed image.
In red is the real zoomed micro-image, in blue as in Figure 6.6 the set of pixels impacting this
micro-image. We chose a zoom factor f = 2. This means that each pixel of the real micro-image,
got on the camera (squares in bold), represents four pixels on the zoomed micro-image. According
to the position of the emitter within these four possibilities, a different PSF is used; each of them
is normalized. The first one is the one given as the “standard” PSF, the three others are obtained
by shifting this PSF of 1/f (here 0.5) in one or both directions. These f2 PSF are precomputed
before starting the Metropolis–Hastings algorithm.
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In the following, we consider that the PSF is a 4-dimensional table, the two first
dimensions represent the translation index along x and y directions and the two
remaining dimensions represent the position in the (translated) PSF image (corre-
sponding to camera pixels); this table is computed once at the beginning of the
program. The size of the PSF and its translated versions has been set at 3nx × 3ny
so that any crop of size nx× ny around the “real” PSF (that is the signal of interest
of the PSF, considered of size nx × ny) can be performed.
Knowing the illumination patterns at the correct resolution given by Formula
(6.14), the computation of the micro-image s for one emitter on one pixel of the
super-resolved image consists in
— finding the (integer) position of the emitter in the zoomed micro-image number
s, noted (ex, ey),
— computing the intensity of the emitter in the micro-image by multiplying the
intensity of the emitter with the intensity of the distribution in (ex, ey),
— finding the correct PSF (translation and position) according to the position
of the emitter in the real micro-image,
— multiplying this PSF by the intensity of step 2.
This computation of the micro-images is shortened in Algorithm 12.
Algorithm 12: Computation of the micro-image s for an emitter e of position
(pex, p
e
y) in Ω and intensity λe
(ex, ey)←− (csx − pex, csy − pey) ◮ position in the zoomed micro-image
d←− Ds(ex, ey)× λe
(xs, ys)←−
(⌊
x
f
, y
f
⌋)
(tx, ty)←− (ex − xsf, ey − ysf)
mi←− d× PSF (tx, ty, (xs, ys)−
⌊
nx
2
, ny
2
⌋ −→ (xs, ys) + (nx, ny))
return mi.
To store the micro-image model, we need a table of the same size as the input
data, containing the values of the micro-images associated to the current set of emit-
ters. We decided to create in fact two of them, to store the current micro-images
(created by the chain number i) but also the “proposed” micro-images (the ones as-
sociated to chain i+1/2). This prevents from computing again the old micro-images
if the proposition of Metropolis-Hastings is rejected (which happens in more than
half the cases), but requires to duplicate the table. During the iterations, a binary
table of size S indicates for each laser position, which micro-image is the correct
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current one. This also means that a rejection of the proposal during Metropolis-
Hastings only consists in changing the values of this binary table, for the impacted
micro-images that were recomputed, to the other value.
Remark 28. The idea of using positions that are not exactly on a pixel of recon-
struction has been considered, however it requires to recompute for each emitter the
PSF translated at this exact position, instead of just having a fixed number of (trans-
lated) PSF; this action would make the algorithm much slower than the current one,
and that is the reason why it was not implemented.
As in the previous chapter, the E-LSE estimate is obtained using several chains,
whose results are averaged, and a convolution with a small Gaussian kernel is per-
formed. The pixel size of the reconstruction defines the discrete frequency cut of
the reconstruction fumax; according to [125] the Airy disk can be approximated by a
Gaussian with parameter σ ∼ 0.33ra, with ra the Airy radius whose definition was
given in Chapter 3. We then choose the Gaussian kernel approximating the PSF of
a system of frequency cut fumax for the final convolution. As it can be seen in Figure
6.8, the Gaussian profile does not perfectly fit the Airy profile, but the approximation
is reasonable for the convolution.
Figure 6.8: Comparison of the Airy profile and the Gaussian profile for σ chosen as σ ∼ 0.33ra.
Even if the rebound of the Airy profile cannot be represented by a simple Gaussian, we see that
this approximation is really reasonable and that the result of the convolution should be quite close.
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6.3.4 Memory optimization for time-saving
As mentioned several times, the MCMC methods are very time-consuming, creat-
ing the result image in a quite long time. However, by the definition of the algorithm,
we can notice that the chains are independent and could be computed in parallel,
in order to accelerate the code. In return, it requires that each thread possesses its
own (double) table of micro-images, corresponding binary table, list of emitters and
reconstruction image. That is the reason why some choices had to be made to reduce
the memory used by the algorithm. We focus on two of them.
First, we did not keep, for each pixel of the reconstruction, all the indexes of the
micro-images to re-compute for an emitter on this position, but created patches on
the reconstruction, of size 5 by 5 pixels for a zoom of value 2, containing the union
of the micro-images indexes to re-compute for all the pixels of the area. Depending
on the pixel size and the scan step the results are not exactly the same, but between
5% and 15 % of the images are re-computed whereas it is not necessary. In contrast,
the savings in memory are quite impressive: for a set of around 12, 000 micro-images,
representing an area of 5µm×5µm, with a camera pixel size around 100 nm and a
scanning step of 100 nm, theses changes enable to use from more than 5 gigabytes
to less than 100 megabytes when using 5 by 5 pixels patches (on a reconstruction of
effective size around 190× 100, f = 2).
Another change that was chosen was not to store all the illumination patterns,
zoomed and translated. Indeed the Ds from Formula (6.14) were stored for all
s ∈ {1, . . . , S}. This is a large amount of memory, especially when the zoom is
bigger or equal to 4; in this case, the size of the illumination patterns can exceed 1
gigabyte. An alternative was tried: zoom these patterns, by zero-padding in Fourier
domain, at a higher factor, zD, than the one required by the reconstruction, f times
thinner than the micro-images, and then estimate the illumination pattern value by
bilinear interpolation. Given Ds, the zoomed illumination pattern of factor zD for
laser position s, it satisfies
∀(m,n) ∈ Z2, Ds(m,n) = d˜s(m/zD, n/zD),
where d˜s is the calibrated illumination pattern of center (xd, yd). The center of the
zoomed illumination pattern Ds is thus located in (xd× zD, yd× zD). For an emitter
e, localized in (prx, p
r
y) on the reconstruction grid, its position is still an integer in any
zoomed micro-image s, with coordinates (psx, p
s
y), such that (p
s
x, p
s
y) = (p
r
x−csx, pry−cyx),
with (csx, c
s
y) the top left corner of the zoomed micro-image number s. However, the
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center of the distribution in the zoomed micro-image number s, given by (Xs, Ys),
is most of the time a non-integer value. The computation of d, the value of the
pattern at the emitter position, consists in finding the value of the distribution at a
distance (psx − Xs, psy − Ys) from the center of the distribution. The coordinates of
the emitter in this referential are given by (px, py) = (xd×f, yd×f)−(psx−Xs, psy−Ys).
In the illumination pattern Ds zoomed at zD > f , the bilinear interpolation
computing d is given, using the positions p′x = px × f/zD, p′y = py × f/zD, by the
formula
d = Ds (⌊p′x⌋ , ⌊p′y⌋)+ (px − ⌊p′x⌋) δ1,0 (Ds (⌊p′x⌋ , ⌊p′y⌋)) (6.16)
+
(
py −
⌊
p′y
⌋)
δ0,1
(Ds (⌊p′x⌋ , ⌊p′y⌋))
+ (px − ⌊p′x⌋)
(
py −
⌊
p′y
⌋) (
δ1,0
(Ds (⌊p′x⌋ , ⌊p′y⌋))+ δ0,1 (Ds (⌊p′x⌋ , ⌊p′y⌋)))
where δi,j
(Ds (⌊p′x⌋ , ⌊p′y⌋)) = Ds (⌊p′x⌋+ i, ⌊p′y⌋+ j) − Ds (⌊p′x⌋ , ⌊p′y⌋) and ⌊·⌋ de-
notes the lower integer part function.
In Figure 6.9, we compare the direct (old) computation with this new one, with
two different values of zD: 8 and 16 for a real factor of resolution f = 4. Before,
the illumination patterns were zoomed to the correct resolution and translated to
the exact laser impact position in the zoomed referential (details are in Chapter 3);
with this new method, they are computed using Formula (6.16). We plotted a cross-
section on the lobes of one half-moon, when the illumination pattern is obtained with
the original method (in black) and the bilinear one with zD = 8 and zD = 16. We
can notice that for zD = 16 the cross-sections of old and new versions are visually
the same, which is not the case with zD = 8. With no doubt using a zoom of 16
enables to be close enough to the old computation with high saving in memory area.
In that case, the second step of Algorithm 12 is slightly different; it implements
Formula (6.16) instead of extracting the value from a pre-computed table.
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Figure 6.9: Illustration of the illumination pattern’s interpolation by a cross section on the lobes
of an half-moon: one illumination pattern was chosen, computed using zero-padding and subpixelic
translation via Fourier transform (initial choice of computation) and by bilinear interpolation on
a pre-zoomed illumination pattern with zoom of values 8 and 16 using Formula (6.16). Clearly,
choosing an initial zoom of 16 and the bilinear interpolation, we should not deteriorate the results,
since the profiles are very close. In memory, we only keep one version of each illumination pattern
zoomed instead of the S (S can be bigger than 10000) already repositioned patterns.
Using Intel Xeon Phi Processors 1 for the computation, we moved from one chain
in about 30 minutes to 240 chains in about 50 minutes. This is true for quite small
data set because the memory on these cards is limited to 8 Go; for bigger data
sets, the maximum number of chains in parallel is limited by the amount of memory
required by each thread.
6.3.5 Illumination reconstruction
When finding the solution of the inverse problem v = Hu (meaning ∀i, vi =∑
k hikuk), u represents a fluorophore density on each pixel. However the acqui-
sition is not “uniform” on the whole sample, in the sense that some pixels of the
reconstruction appear in more micro-images than others (in particular, the pixels on
the border can be illuminated only once per illumination pattern and very weakly).
This favors the aggregate of emitters on the border of the reconstruction domain
with possibly very high intensities. A first attempt to correct that was to create
a map of authorized/unauthorized emitter positions, based on the number of im-
pacted micro-images per pixel of the reconstruction. In Figure 6.10 (a), we can see
a representation of this number for each pixel. A threshold relative to the maximum
1. The acquisition of Xeon Phi SE8X at the end of 2015 considerably sped up the computation
of the E-LSE estimate, enabling to easily parallelize (use of OpenMP) the chains computation, in
the best case, depending on the size of the data, 244 chains can be computed in parallel.
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number of impacted micro-images enables to create the map of authorized emitter
positions; we chose 10%. The reconstruction associated to this authorized position
map is presented also in Figure 6.10 (c); we can clearly see that some pixels on the
border have erratic values, because of their smaller impact on the energy.
 
 
0
200
400
600
800
1000
1200
1400
1600
(a) (b)
(c) (d) (e)
Figure 6.10: Illustration of the illumination reconstruction: (a) image representing the number of
impacted micro-images per reconstruction pixel, (b) image representing the values of the ck (that is
the illumination in each pixel of the reconstruction), (c) result of the algorithm with the matrix H
and the authorized emitter position map (thresholded so that we may see the reconstruction, a ratio
of almost 200 is observed between the middle and the border of the reconstruction), (d) result of the
algorithm with matrix H ′, (e) result of the algorithm with matrix H ′ re-multiplied afterwards by
the image of the ck (thresholded too). As it can be seen on the two images on the top, all pixels of
the reconstruction do not have the same influence on the micro-images. The reconstruction with H ′
does not prevent the emitters from moving to the border, as it can be seen on the image (e),however
they take very smaller values. The drawback is of course that some structures next to the border
that may have been correctly reconstructed disappear in this reconstruction, because their level of
illumination is too low.
Remark 29. The introduction of this map is not without consequences on the al-
gorithm, since we need to take into account for each pixel of the reconstruction its
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number of “eligible” neighbors and add it in the acceptance computation. Indeed in
Formula (6.11), we considered that each pixel has the same number of neighbors,
simplifying the term |V(·)|. Given that an emitter goes from (pe, λe) to (p′e, λ′e), the
incremental function becomes
q((pe, λe)|(p′e, λ′e))
q((p′e, λ′e)|(pe, λe))
=
|V(pe)|
|V(p′e)|
λ′e
λe
.
In fact, if a pixel is illuminated but returns only a very few number of photons,
we can consider that the result associated to this pixel will be quite unstable, making
the matrix unstable too and then ill-conditioned (see Remark 30). Some solutions
were tested to deal with this issue, as adding a penalization to the energy. Finally,
we decided to reconstruct, instead of the density of fluorophores, the emitted light
in each point, u′. The problem becomes
∀i ∈ {1, ..., n× S}, vi =
N∑
k=1
hikuk =
N∑
k=1
hik
ck
u′k ⇔ vi =
N∑
k=1
h′iku
′
k,
with ck =
∑
i hik the illumination in each pixel, that is the light created in the micro-
images by one fluorophore of intensity 1 localized on this pixel, k.
Remark 30. Given a rectangular matrix A, its condition number is the ratio between
its highest and lowest singular values, that are the square roots of the eigenvalues of
AtA. We suppose that A is a well-conditioned matrix, of size n× p− 1, we construct
the matrix A′ of size n× p defined by
A′ =
A

0
...
ε
...
0

 , with ε such that a′i,p = ε, i ∈ {1, . . . , n},
we have that
A′tA′ =
(
At
0 . . . ε . . . 0
)
A

0
...
ε
...
0

 =
(
AtA εaq,·
εaq,· ε2
)
=
(
AtA 0
0 0
)
+O(ε) .
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Since A is supposed well-conditioned, the ratio between its highest and lowest singular
values is close to 1. However, we can see that the eigenvalues of A′tA′ tend to the
ones of AtA with supplementary value 0 when ε tend to 0. This drastically increases
the condition number of the matrix, and then the stability of the linear system.
In Figure 6.10, image (b), each pixel k represents the value of ck and we see a
ratio of almost 200 between the smaller and bigger values. Each column of the new
matrix H ′ is obtained by normalizing each column of H, meaning that
∑
i h
′
i,j = 1.
The results are interesting, removing big values on the border, even if emitters still
move there, as it can be seen on the last image (c). However, one drawback is that
the area of the real reconstruction domain is smaller.
6.3.6 Comparison of results according to the parameters
In the following, we present the different results obtained when changing the
density of emitters (Figure 6.11) and also the evolution according to number of
iterations and chains (Figures 6.12 and 6.13). In addition to the final images (and
some profiles), we present the average of the energies during the iterations, and
the average of the acceptance rate (see Figure 6.14). We can see that a minimum
number of emitters is compulsory to be able to represent correctly the whole signal
(in particular separation between elements, as it was emphasized in Chapter 5);
indeed, if the number of emitters is too small, the created structures are very thin,
not representative of the real signal. On the contrary, a high density does not help
to gain resolution. This can be guessed looking at the energy curves in Figure 6.14,
where the final reconstructions with three last densities have quite close energies.
Concerning the time of execution, the results were obtained respectively in 1 hour,
6 hours, 12 hours and 1 day using 4 Intel Xeon Phi Processors in parallel (working
each one by batch of 240 chains). To get a result in a reasonable amount of time,
some parameters (such as the number of iterations, chains and the burn-in state)
should be optimized, but also sometimes a compromise on the number of emitters
and then the quality.
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d = 0.05 d = 0.25
d = 0.5 d = 1
Figure 6.11: Comparison of E-LSE estimates obtained with different densities of emitters: from
left to right, top to bottom: 0.05, 0.25, 0.5 and 1. It is clear that a density of 0.05 is not high
enough to represent the whole signal, making impossible some separations and creating very thin
structures. Between the other three reconstructions, we see that the results are quite similar (as
shown on the plot below too). The time for creating the chains is proportional to the number of
emitters, so that a choice has to be done to get the best quality, in a quite reasonable time.
6.4 Comparison of the algorithms on simulated
data
We present two figures of comparison on simulated data; in the first one, Fig-
ure 6.15, a representation of chromosomes was chosen for simulations; on the ground
truth, we can clearly see, at several places, the separation between the chromatids
(showing the shape of an X, as it is often drawn in biological schema, whose different
parts are called arms). The MAP estimate cannot resolve them, contrary to the
E-LSE one, and on the MAP estimate the structure of the chromosomes is a bit
distorted, like if it was made of round particles. In Figures 6.16 and 6.17, we can see
that the generalization of Richardson-Lucy from sequence (6.2) creates structures
with holes, not representative at all of the real structures. The resolution of MAP
and E-LSE estimates on this image are quite similar; the E-LSE estimate seems a
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Figure 6.12: Results of the E-LSE according to the number of iterations for a density of 0.5: in
(a) to (d) are represented the averages of the 5, 040 chains according to the number of iterations
(one iteration consisting in Ne changes) and in (e) to (h) the L
2 distances between the results after
2, 40, 100, 199 iterations and the final one (200 iterations). The scale is different on each one of
these figure to emphasize the difference for all of them. Visually, differences are hard to see between
the reconstructions after 100 iterations. The representations of the L2 distances really enable to
see the evolution of those differences: at each iteration, the borders pixel values are quite different
value from those of the final image, but at the beginning we clearly see that the difference is also
on the structures. At the end of the iterations, the significant difference are mainly on the border
and a little bit in the background.
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(a) Evolution of the average difference
(b) 7 chains, d¯ = 1 (c) 202 chains, d¯ = 0.1
(d) 565 chains, d¯ = 0.01 (e) 1366 chains, d¯ = 0.005
Figure 6.13: Influence of the number of chains. The first plot (a) represents the evolution,
in logarithmic scale, of the average difference between two consecutive reconstructions (adding
one chain at the global average) per pixel, that is d¯ = 1/M
√∑
x(γ
i+1(x)− γi(x))2, with M the
number of effective pixels. The presented images correspond, to (b) d¯ = 1 (7 chains), (c) d¯ = 0.1
(202 chains), (d) d¯ = 0.01 (565 chains) and (e) d¯ = 0.005 (1366 chains). The final distance is
d¯ = 0.0012. Comparing the result with 1, 366 chain and the result with 5, 040 (Figure 6.11), we see
that we could have stopped before 5, 040 and still get a good resolution, and thus gain some time.
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Figure 6.14: Evolution of the energy (a) and the acceptance rate (b) during the iterations of the
E-LSE algorithm, according to the initial density of emitters. On the energy plot, we can see that
densities 0.25, 0.5 and 1 have energies that are quite close (it is logical that with more emitters the
energy is smaller, because the reconstruction is more precise) contrary to the case of density 0.05,
where some emitters are probably missing, preventing the correct representation of the biological
sample. Concerning acceptance rates, we notice that the more emitters on the image, the higher
the acceptance rate is; but in all cases, the rate levels off at some point. For a small amount of
emitters however, it is very close to 0, meaning that a very few number of changes are accepted.
With a higher number of emitters, the rate stabilizes earlier in the iterations.
bit better for separation but create structures a bit thiner than they really are. Ob-
serving the low intensity levels (by saturating the intensity on display), it is clear
that the E-LSE estimate is artifact-free compared to the MAP estimate.
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(a) Original image (b) Conventional image (c) MAP estimate (d) E-LSE estimate
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MAP
(e) Zoom on MAP (f) Zoom on E-LSE (g) Cross-sections E-LSE/MAP
Figure 6.15: Comparison of the E-LSE and MAP estimates on an image of chromosomes; the
original image (a) really shows the shape of chromosomes, with a separation of chromatids. In the
conventional image (b), these details and some separations are totally lost. On both estimates,the
separation between chromosomes are equivalently recovered; however, the MAP estimate (c) is
“beaded”, as if the chromosomes were made of round particles and the separation between chro-
matids are not visible at all. The E-LSE estimate (d) is not perfect, but represents better the
reality and some separation between chromatides are visible, as it can be confirmed on the zooms
(e)-(f) and cross-sections (g). The beaded effect is also a bit visible on the E-LSE estimate, which
makes sense because some of the final chains may be close to the MAP estimate. These results were
obtained simulating on a real image of fluorescence microscopy the system BioAxial, as described
in Chapter 3 and with the half moons as illuminations patterns.
Image of chromosomes available on the site commons.wikimedia.org and licensed under CC BY-
NC-ND 3.0
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(a) Original image (b) Conventional image (c) Generalized RL Estimate
(d) MAP estimate (e) E-LSE Estimate
(f) Plot of one nucleus
Figure 6.16: Comparison of reconstructions on simulations (using an image representing syn-
thetic nuclei, image (a)) for a super-resolution ISM system. The conventional image is represented
in (b) and we compare several reconstructions: (c) Generalized Richardson-Lucy estimate com-
puted thanks to Formula (6.2), (d) MAP estimate computed with Nesterov algorithm, (e) E-LSE
estimate with a density of 0.25. (f) presents the cross-section of one nucleus for each one of the
reconstruction, in comparison to the original one. We clearly see on this plot, as well as on the big
image, that the Richardson Lucy estimate creates “holes” in the structures, that are in fact solid
structures as it can be seen on the original image. The E-LSE seems the best estimate in terms of
shape; however we can see that it makes structures thinner than they really are. These results were
obtained simulating on a real image of fluorescence microscopy the system BioAxial, as described
in Chapter 3 and with the half moons as illuminations patterns.
Image of synthetic nuclei from cellimagelibrary.org by P. Ruusuvuori - Original image was thresh-
olded, convolved with a Gaussian kernel (σ = 1), cropped and un-zoomed by frequency cut.
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(a) E-LSE estimate (b) MAP estimate
(c) MAP
(d) E-LSE
(e) Cross-section of the separation on images (c) and (d)
Figure 6.17: Comparison of E-LSE and MAP estimates: on top, saturated images from Figure
6.16, (a)-(b), zoom on the reconstruction MAP and LSE (c)-(d) for one of the same bead and
plot of the separation between those two (e). From the saturated images, we clearly see that the
image produced by the E-LSE really has less artifacts. Indeed even if they are not visible when the
image is not saturated, some points are present in the background of the MAP estimate, which is a
reconstruction artifact since the background of the ground truth is perfectly black. This is a very
interesting property of the E-LSE estimate, in particular if one wants to apply post-processing on
the super resolved data (for instance counting the nuclei in the image). On top of that, the profile
clearly shows a better separation on some beads; the ratio between the peak and the cavity between
the peaks is 1.4 for the MAP and 3.5 for the E-LSE.
220 MAP and E-LSE estimates for ISM
Chapter 7
Conclusion
7.1 Super-resolution as an inverse problem
As we explained and showed all along the chapters, every optical system has a
limited resolution, its limit depending on the wavelength and the objective used by
the imaging system. These two parameters have ranges of values preventing from
visualizing smaller objects than around 160 nanometers, in optimal conditions (that
is illuminating with a small wavelength but in the visible spectrum and using an
objective with a large numerical aperture). However, some biological phenomena are
only observable at a much lower scale (for instance the fusion of membranes, or the
action of proteins) requiring the development of super-resolution systems surpassing
this limit. We showed in Chapter 2 that a system of Image Scanning Microscopy,
ISM, which is the type of system that is considered in this thesis, can recover some
frequency coefficients above this frequency limit.
In this thesis, we focused on two inverse problems under constraint of positiv-
ity: the deconvolution and the inverse problem generated by a system of ISM. The
positivity constraint is quite a weak constraint, since all images whose pixels have
positive intensities have the same a-priori probability to be the solution. However, it
is particularly adapted to fluorescence microscopy. The purpose of super-resolution
is to observe at a thiner scale, to see the phenomena and real shapes of biological
elements. Enforcing an a priori on the image to recover could lead to false biological
conclusions. Super-resolution systems are expected to support the biologist, either
to confirm his theoretical hypotheses or to help him explore a dynamic biological
221
222 Conclusion
process. His confidence as well as his knowledge (possible artifacts, parameters of
the algorithm) of the system are essential.
7.2 E-LSE and MCMC methods
Using estimates such as the (Emitters)-Least-Square Error, approximated with
MCMC techniques, was not as successful as expected in deconvolution under positiv-
ity constraint, the night-sky effect created by Nesterov algorithm approximating the
MAP estimate is not removed by computing the expectation of the posterior density.
This kind of methods had presented very interesting results in Gaussian denoising,
which motivated our choice. In the case of additive Gaussian noise, we proposed a
criteria, based on the properties of this additive noise, to obtain a range of values
for the energy that is “plausible”; this criterion gave very good results, stopping the
iterations in Nesterov algorithm before the apparition of the night sky. The calcula-
tion of this criterion should be adapted to the more complicated case of Poisson noise.
As we mentioned several times, the MCMC methods are very time-consuming.
This is a real issue for an industrial application; the acquirement of Phi Cards dur-
ing this thesis was a real accelerator as mentioned in Chapter 6, but the parameters
of density, number of iterations and chains have to be chosen so that the result is
obtained in a reasonable amount of time, which is still several hours.
7.3 Practical aspects and three-dimensional ac-
quisition and reconstruction
In this thesis, we only focused on the image to recover; we have considered known
the Point Spread Function (PSF) as know, as well as the illumination patterns and
the laser impact position. In practice, this requires for the first computation a cal-
ibration; this one can be done by imaging beads smaller than the diffraction limit
for instance but also requires a dedicated algorithm. On top of that, in 1995, Van
der Voor [117] pointed out that the PSF could be space variant. Concerning the
laser positions, we need to know, for each recorded image, at which position exactly
the laser hits the sample. This is not always easy since the galvanometric mirrors
handling the movement of the laser are most of the time constantly running (and
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not stopping at each point of the scan). Of course the accuracy of these parameters
strongly determines the final quality of the super-resolved image.
In the last chapter, the results with the E-LSE estimate on an ISM system prove
that this estimate can, in some situations, lead to a better-resolved image. The
presented results were obtained on simulated data, with exact laser positions and
calibrated illumination patterns identical to the one used in the scanning. Unfortu-
nately, on real data, the E-LSE estimate tend to bring no or very little resolution
improvement over the MAP estimate, even if it presents sometimes thinner struc-
tures and/or sharper separations. This can also be linked to the fact that we are
reconstructing a planar image (the biological sample is supposed to be in the focus
plane), whereas the biological sample is actually not flat, meaning that some light
collected by the camera comes from planes above and below. That is the reason why
an important step for super-resolution is three-dimensional acquisitions and recon-
structions. If both presented reconstruction algorithms can be quite easily adapted,
there are some issues in term of acquisitions, calibrations and computation time. Ac-
quiring three-dimensional data means acquiring images obtained with several slightly
different positions of the focused plan. This is not an easy task for several reasons;
first the time of acquisition for one slice is an important aspect because there is a risk
of drift of the sample. Another issue is the bleaching of the sample, meaning that
the acquisition at each slice could require a different amount of light to get results
of the same quality, because the intensity of fluorophores decreases with the number
of excitations. Last but not least, the calibration process, that is computing both
the PSF and the illumination pattern becomes a more complex task because of the
needs for 3D acquisitions and the optical aberrations due to lenses, which also need
to be modeled. For the adaptation of the E-LSE estimate, since the algorithm is
quite time-consuming, this would require first to drastically accelerate the proposed
algorithm (by the use of GPU cards for instance); however the implementation is
straightforward, each emitter would just have a three dimensional position instead
of a two dimensional one, and each slice should be part of the modeling. The MAP
estimate could also be easily implemented, looking for the 3D object that is the more
plausible given the data on each plan.
7.4 Neural networks for super-resolution
The recent enthusiasm for neural networks creates new opportunities for super-
resolution. They have proven their good efficiency in single image super-resolution
for several years, as it has been shown for instance by Dong [34] [35]. In most cases,
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the training is performed learning on patches, which are given to the network in low
and high resolution. In 2016, in [66], a different approach is proposed: the network
is used to predict the high-frequency components only, and the super-resolved image
is the result of the addition between the image of the high-frequency components
and the interpolated input image. The use of neural network in microscopy is more
recent. In [86], a neural network is used to compute a super-resolved image with
STORM acquisitions; the network is trained to be able to perform super-resolution
on images with a higher density of excited proteins than usually (for this method),
which could lead to a reduction of the acquisition time. In [121], the authors com-
pute the super-resolved image from a widefield image, with a ground-truth being
a widefield image too, but acquired with a better objective. The results are quite
impressive, even on structures which were not directly learned by the network.
In the case of ISM reconstructions, because of the high dimension and complex-
ity of the problem, a mathematical model nevertheless seems necessary; however a
combination of this model and a neural network could lead to a more robust system.
However, an issue associated to the use of a neural network would be the amount of
necessary data for training. Of course, simulated data can be used (and the whole
discretization of the problem, as it was studied in Chapter 3, is very helpful), but
there is also a need for real data (large data-sets of labeled microscopic images),
which is more difficult to perform.
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